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A density version of a theorem of Banach

DavID A. RoOSS

Abstract: The S—measure construction from nonstandard analysis is used to prove
an extension of a result on the intersection of sets in a finitely-additive measure
space. This is then used to give a density-limit version of a representation theorem
of Banach.
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1 Introduction

The starting point for this note is the following result of Banach (described in Diestel
and Swart [2] as “marvelous"):

Theorem 1.1 Let X be a set, B(X) be all bounded real functions on X, and { f,, : n € N}
be a uniformly bounded sequence. The following are equivalent: (i) {f,}, converges
weakly to 0; (ii) for any sequence {x; : k € N} in X, ILm likm inf f,,(xx) = 0.

n—00 K—o0

Weak convergence to zero here means that for any positive linear functional 7 on B(X),
Tf, —» 0 as n — oo.

The contrapositive is interesting:

Corollary 1 Let X be a set, B(X) be all bounded real functions on X, and { f, : n € N}
be a uniformly bounded sequence. The following are equivalent: (i) there is a positive
linear functional T on B(X), an infinite set I C N, and an r > 0 such that |T(f,)| > r
for every n € I; (ii) there exists a sequence {x; : k € N} in X, an infinite set I C N,
and an r > 0 such that likrgiréf [fu(xx)| > r forevery n € I.

Published: February 2025 https://doi.org/10.4115/j1a.2025.17.3


https://zbmath.org/classification/?q=cc:28E05|cc:26E35|cc:28A20
https://zbmath.org/classification/?q=cc:28E05|cc:26E35|cc:28A20
https://doi.org/10.4115/jla.2025.17.3

2 David A. Ross

It is natural to consider the question of whether set I can be required to have more
structure than just being infinite; such a requirement would give a variant of weak
convergence. In this paper we adapt the proof from Ross [10] to prove a version of the
Banach theorem in which [ is required to have positive upper density.

For I C N let d(I) = limsup,, |[I N {1,2,...,n}||/n (the upper asymptotic density of
I). The main result of this paper is the following.

Theorem 1.2 Let X be aset, B(X) be all bounded real functionson X, and { f, : n € N}
be a uniformly bounded sequence. The following are equivalent: (i) there is a positive
linear functional T on B(X), an infinite set I C N with d(I) > 0, and an r > 0 such
that |T(f,)| > r for every n € I; (ii) there exists a sequence {x; : k € N} in X, a set
I C N with d(I) > 0, and an r > 0 such that likrgigf [fu(xx)| > r forevery n € I.

With appropriate choice of notation, this result can be made to look more like the
original Banach result. Write dlim, a, = L provided it is not the case that there is
an r > 0 and set I C N with d(I) > 0 such that |[f(n) — L| > r forall n € I. (For
equivalent ways of writing such limits see Furstenberg [3, Chapter 9].)

Say that a sequence f,, of functions in X weakly d—converges to zero provided that for
any positive linear functional 7 on B(X), dlim,—~ Tf, = 0.

Then result Theorem 1.2 becomes:

Corollary 2 Let X be a set, B(X) be all bounded real functions on X, and { f, : n € N}

be a uniformly bounded sequence. The following are equivalent: (i) {f,}, weakly

d—converges to 0; (ii) for any sequence {x; : k € N} in X, d ILm likrn inf f,(xx) = 0.
n—00 K—o0

We note that there are many classical results for which replacing “limit" by “d—limit"
yields an immediate open question.

Our proof uses nonstandard analysis, notably Abraham Robinson’s notion of S-
measurability, and relies on a generalization (Corollary 4) to finitely-additive measures
of alemma from Bergelson [1]. The main idea is to substitute Corollary 4 for the weaker
[10, Theorem 1] in the proof of Theorem 1.1 in Ross [10].! Nonstandard analysis has
proved itself increasingly useful for the study of densities; see, for example, Jin [5].

"More precisely, we obtain Corollary 4 from Corollary 3, which is Bergelson’s original result
(and for which we provide a new, nonstandard proof). Theorem 1.2 then follows from that
corollary.
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2 Loeb measures and S—-measures

The reader is assumed to be familiar with nonstandard analysis in general, and the Loeb
measure construction in particular, for example as in Ross [8]. Assume that we work in
a nonstandard model in the sense of Robinson, and that this model is as saturated as it
needs to be to carry out all constructions; in particular, it is an enlargement.

If (X, A, ) is a finite measure space then both *A and Ap = {*A : A € A} are algebras
on *X. Let Ag be the smallest c—algebra containing Ay and A; be the smallest
o—algebra containing *A. (*X,*A, °*u) is an external, standard, finitely-additive finite
measure space, with °*u(*X) = u(X) < oco. By either an appeal to the Carathéodory
Extension Theorem or an elementary direct construction, °*x can be extended to a
countably-additive measure (the Loeb measure) 7, on (*X,.Ar), and by restriction on
("X, As).

The algebra Ag of S—measurable sets was introduced by Robinson [6], then studied
later by Henson and Wattenburg [4] (who used S—measurability to understand Egoroff’s
Theorem), and more recently by the author [8, 9, 7, 11].

The main result we need is the following:

Lemma 1 (Henson and Wattenburg, 1981) VA € Ag,
pur(A) = inf{u(B) : A C*B,B € A}
=sup{u(B) : "BCA, Be A}
= (A NX).

In particular, if A € Ag and A contains all standard points of X, then u;(A) = p(X)
and A contains sets of the form *B for B € A of arbitrary large measure.

3 A fundamental lemma

This section gives a new proof of a modest generalization (Corollary 4) of a lemma
of Bergelson [1] . Bergelson’s result is usually proved using Fatou’s Lemma or the
Lebesgue Dominated Convergence Theorem; the proof here replaces these with an
appeal to Lemma 1. While this proof is not shorter than the standard ones, it is
more explicit, which could prove useful in extending results which use it, such as
Furstenburg’s Multiple Ergodic Theorem [3].

We begin with a weak form of the lemma.
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4 David A. Ross

Lemma 2 Let (X, A, ) be a probability measure, a > 0, and A,, € A with u(A,) > a
for all n € N. For some I C N with d(I) > a,{A,}ncr has the finite intersection

property.

Before proceeding with the proof, we note two immediate corollaries. The first is
Bergelson’s original result, the second is the extension we need.

Corollary 3 Let (X, A,u) be a probability measure, a > 0, and A, € A with
WwA,) > a forall n € N. For some I C N with d(I) > a and every finite J C I,

ey An) > 0.

Proof Let A, = A, \ B, where

B=]J {ﬂA,- : J C N, J finite, p (ﬂAl) = o}.

i€J i€l
B is a countable union of nullsets, so is itself a nullset. p(Al,) = u(A,) > a, and for
any finite J, p((),c;As) > 0 if and only if (,.; A, # (. Apply Lemma 2 to the
sequence {A!}, to get an index set I with density at least a such that {A! },c; has the
finite intersection property, then every finite intersection from {A, },c; has positive
measure. |

Corollary 4 Let (X, A, 1) be a finitely additive probability measure, a > 0, and
A, € A with (A,) > a forall n € N. For some I C N with d(I) > a and every finite

JCI, N(mnejAn) > 0.

Proof Let (*X,Ap, ) be the Loeb measure constructed from (X, A, ). Apply
Corollary 3 to the sequence {*A, },cn to get an index set / C N with d(I) > a such
that for every finite J C I, pu((),c; *A,) > 0. The observation that p((),c;An) =
pr((Npey “A,) for any finite J C I completes the proof. a

3.1 Proof of Lemma 2

For x € X and n € N let F,(x) = % ZZ:] X4, (x). There are two cases:

Case 1: limsup, F,(x) > a for some x. Then d(l) > a, where I = {n:x€A,},and
{An}ner has the finite intersection property.
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Case 2: limsup, F,(x) < a for all x. Then for some r < a and C € A with p(C) > 0,
limsup, F,,(x) < ron C. Let ¢ = rxc + ax ¢, and note that

lim sup F,,(x) < ¢(x) forall x € X.
n

Put:
Eoy=J [([)fxreX: P < ¢@)}) N7 (({r € X : Fu) < 6)})]

neN  k>n k>n
keN keN

Observe that Ey € Ag. If x € X is standard then by 3.1, x € Ey. It follows that
ur(Eog) = 1, and we may take B € A with *B C Ey and u(B) arbitrarily close to 1.

For x € *B let n(x) be least so that Fi(x) < *¢(x) for all £ > n(x), k € *N, and note
that by definition of Ey n is an internal function taking finite values on *B, so has a
bound N € N on *B. It follows:

N
1
a< N;/xAnm - /XFNdu

_ / Frndu + / Fydp + / Frdp
BNC B\C X\B

<ru(BNC) +auB\ C)+ 1u(X \ B)

Letting u(B) — 1, a < ru(C) + au(X \ C) = a — (a — r)pu(C) < a, a contradiction.
This completes the proof.

4 Proof of Theorem 1.2

We are now ready to prove the main result.
(ii = i) Let {xx : k € N}, I C N, and an r > 0 as in (ii).

For all standard n € I and any infinite k € (*N \ N), |*f, (xx)| > r. Fix such a k, and
define T: B(X) — R by T(g) = “*g(xx). It is easy to see that T is a positive linear
functional. However, for standard n € N,

0 <r < [fGo| = [*f(x0| = [T¢)
so this T and the same [ and r from (i1) witness (i).

(i = ii) Suppose (i) holds. Given the 7', I, and r > 0 given by (ii), define a finite,
finitely-additive measure on (X, P(X)) by u(E) = T(xg). Let d(I) > a > 0.
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6 David A. Ross

Let s < r and 0 € R satisfy 0 < § < s/T(1); equivalently, 0 < 7(6) < s. Note that
for any g € B(X) with —§ < g < §, positivity of T ensures that

—T(6) =T(—6) < T(g) < T()
so |T(g)| < T(0) < s. Let M > 0 be a bound for all the functions f;.
FornelputA, ={x€X:|f,(x)| > d}. Then
r <T@l = [T(axa,) + T(axap)l < [T(axa,)l +T(0) < MT(xa,) + s

so w(An) = T(xa,) > 5; > 0 forall n € I. Note that by taking s close to 0 we can
make this last term as close to r/M as we like, in particular so that ﬂd(i) > agy-

By Corollary 4, there is a subset J={nn}m C1 such that d(J) > ar/M and such
that for every N € N, ﬂ Ap,) > 0. Letxy € ﬂ Ay, . Forany m, N € N with

N >m,xy € 4A,,, therefore [fnm(xN)| > §, so for every nelJ, hm 1nf [fu(xk)| > 9. The

set J and constant § > 0 witness the implication (ii). This completes the proof.
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