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A decomposition of Brouwer’s fan theorem

JOSEF BERGER

Abstract: We introduce axioms Lgpan and Cgan, where the former follows from
the law of excluded middle and the latter follows from the axiom of countable
choice. Then we show that Brouwer’s fan theorem is constructively equivalent to
Lran + Cpan. This decomposition of the fan theorem into a logical axiom and
a function existence axiom contributes to the programme of constructive reverse
mathematics.
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The objective of constructive reverse mathematics is to classify theorems by means of
logical axioms (that means, statements which follow from the law of excluded middle)
and function existence axioms (that means, statements which follow from the axiom
of choice). Given a theorem T, one aims at determining a logical axiom Lt and a
function existence axiom Cr such that, in the framework of a suitable base system, T
is equivalent to Ly 4+ C7. A decomposition of the weak Konig lemma can be found in
Ishihara [3]. In this paper, we provide a classification of Brouwer’s fan theorem.

A suitable framework for carrying out constructive reverse mathematics is a function-
based, intuitionistic formal system, like HA“. In this system, if A(n) is equivalent to
a quantifier-free formula, one may prove:

(1) Ja € {0, I}N Vn(am) =0 «— Am)),
see Troelstra and van Dalen [6, Chapter 9, Proposition 1.8].

Let {0,1}* denote the set of all finite binary sequences u,v,w. We write |u| for

the length of u and u * v for the concatenation of u and v. That means, for u =

(0),...,u(l — 1)) and v = (»(0),...,v(k — 1)), we have |u| = [ and
uxv=w),...,u(l —1),vQ0),...,v(k —1)).

If i € {0,1}, we write u % i for u (i) and i * u for (i) x u. We use Greek letters

for infinite binary sequences. We write an for («(0),...,a(m — 1)). A subset A of
{0,1}* is
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e detachable if there exists a function F : {0, 1}* — N such that
Yu(u € A~ Fu) =0);

(For example, (1) implies that, for every quantifier-free formula C(n), the set
{n | C(n)} is detachable.)

o a II¥-set if there exists a function G : {0, 1}* x N — N such that
Yu(u € A — Vk(G(u, k) =0));
e closed under restriction if
Vu,vuxve A —ucA);

e an infinite tree if

- it is detachable
- itis closed under restriction
- Vn3u(lul=nAuecA);

e aspread if

- 0€A
- Vu(ue A—3Jie{0,1} uxiecA)).

A function « is an infinite path of A if Vn(an € A). The weak Konig lemma reads as
follows.

WKL Every infinite tree has an infinite path.
The following axiom is called the lesser limited principle of omniscience.
LLPO If a function « has the property
Vn,m(n #m — (a(n) =0V a@m) = 0)),

then
Vn(a@n) =0)VVn(an+1)=0).

Note that this axiom is a consequence of the law of excluded middle. The following
characterisation of LLPO in terms of trees has also been mentioned in Berger et al.

[2].

Lemma 1 The following axioms are equivalent.

(1) LLPO
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(2) IfT is an infinite tree, then either
To={u|0xuecT}

or
Ty ={u|lxuecT}

is an infinite tree.

Proof “1.=-2.” Assume LLPO and let T be an infinite tree. Define « by
a2n) =1 “ Vu(luf=n—0xug¢T)

and o
a@n+ 1) =14 vu(u=n—1xugT).

Furthermore, define 3 by
B8 =1 ¥ am) = 1 AV < n(atk) =0).

By LLPO, there is an i € {0, 1} such that Vn (5(2n + i) = 0). We show that T; is an
infinite tree. Suppose that there is an m such that i x w ¢ T for all w with |w| = m.
Then a(2m + i) = 1. Since T is an infinite tree, we have Vk (a(2k + (1 — i)) = 0).
Therefore, there exists an n < m such that 3(2n + i) = 1. This contradiction shows
that T; is indeed an infinite tree.

“2. = 1.” Assume that the function ~ has the property
Vn,m(n#m— (y(n) =0V y(m) = 0)).
Define an infinite tree T by
weT X 3ie {01}k < Ju| (ulk) = i A2k + i) = 0).

If T; is an infinite tree, then
Vn(y2n+1i)=0).

The following statement is a version of the axiom of countable choice.
CwkrL Every H(l) -spread has an infinite path.

The following decomposition of WKL can be found in Ishihara [3]. We recall it,
because we want to compare it with the main result of this paper, the decomposition of
FAN. We even give a proof of it, because there is a slight difference between Cwx.
and the choice axiom used in Ishihara [3].

Journal of Logic & Analysis 1:6 (2009)



4 Josef Berger

Proposition 2
WKL « LLPO + CwkL

Proof Assume WKL. First, we show LLPO by applying Lemma 1. Let T be an
infinite tree. By WKL, there exists an infinite path « of T. Set i = a/(0). Then

{wlixw=a(w|+ 1} CT,.
Therefore, T; is an infinite tree.

Next, we show Cwgr.. To this end, let A be H?—spread. There is a function G :
{0,1}* x N — N such that

Yu(u € A — Vk(G(u, k) =0)).
Define an infinite tree T by
we T X Vi1 < |ul (G Gk, D) = 0).
Then there exists an infinite path o of T, which is also an infinite path of A.

Now assume both LLPO and Cwky . Let T be an infinite tree. By LLPO and Lemma
1 we obtain that the set A, given by

ueAgVnElw(]w]:n/\u*weT),

is a spread. Therefore, by Cwxkr, there is an infinite path a of A. This function « is
also an infinite path of T. |

A detachable subset B of {0, 1}* is

o closed under extension if Vu,v(u € B — uxv € B);
e abarif Vadn(an € B);
e auniform bar if ANVadn < N (an € B).

Brouwer’s fan theorem for detachable bars reads as follows.
FAN Every bar is a uniform bar.

The following Lemma can be found in Ishihara [4].

Lemma 3 The following statements are equivalent.

¢ FAN

e For every bar B which is closed under extension there exists an N such that
Vu (Jul =N — u € B).
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e Every bar which is closed under extension is a uniform bar.

Berger and Ishihara [1] have shown that the statement ‘every infinite tree with at most
one infinite path has an infinite path’ is constructively equivalent to FAN. See also
Schwichtenberg [5] for a more formal proof of this result. This characterisation of
FAN, together with Proposition 2, gives rise to the definition of the axioms Lgan and
Cran.

A subset A of {0, 1}* has at most one infinite path if
Ya, 8 (Eln (a(n) # B(n)) — Im (am ¢ AV Bm ¢ A)) .
Lran If T is an infinite tree with at most one infinite path, then either
To={u|0xuecT}

or
Ty ={u|lxuecT}

is an infinite tree.
Cean IfAisa H? -spread and B is a bar, then there exists a u € AN B.

The axioms introduced so far are related as follows.

Lemma4 LLPO implies Lpan and Cwgy implies Cpan -

Proof The fact that LLPO implies Lgan follows from Lemma 1. In order to prove
the second implication, assume Cwgp and fix a bar B. Assume further that A is a
H(l) -spread. By Cwkr, there is an infinite path o of A. Since B is a bar, there exists
an n such that an € B. Thus an € AN B. O

Now we are ready to prove the decomposition of FAN.

Proposition 5
FAN < LgaN + Cpan

Proof First we show that FAN implies Lpan. Let T be an infinite tree with at most
one infinite path. This implies

Vo, 33n (0xan ¢ TV 1 fn ¢ T).
Fix « and define a bar B by
B={u|Oxau/¢TVIxu¢T}.
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Since B is closed under extension, Lemma 3 implies the existence of an n such that
Vu (Ju| =n — u € B). Thus we have

Va3nVB (0xan ¢ TV 1% Pn¢T).
Define another bar B’ by
B ={v|VB(0xv¢TVI1«3y ¢T)}.

Again, since B’ is closed under extension, Lemma 3 implies the existence of an n such
that Vv (|v] = n — v € B’). We obtain

(2) InVa,3(0xan ¢ TV 1%Pn¢T).

Since T is an infinite tree, it contains an element u of length n + 1. If u(0) = i, then
(2) implies that
W(lv=n—0-i)xv¢gT).

But T is an infinite tree, therefore, T; must be an infinite tree as well.

Next, we show that FAN implies Cpan. Let A be a H(l) -spread. Then for every n there
is a u with |u| = n such that every restriction of u belongs to A. Let B be a bar. By
FAN, there is an N such that

Vu (lu| =N — 3In < N (un € B)) .

Suppose that u is of length N and that every restriction of u belongs to A. Then there
isan n < N such that un € AN B.

Finally, we show that the combination of Lrpan and Cpan implies FAN. Let B be a
bar which is closed under extension. Define

v<u &) < Jul v (v = [u] ATk < v] 5k = Tk A v(R) < u(k)) -
If () € B, then B is a uniform bar. Assume now that () ¢ B and define a subset P of

{0, 1}* by
uGP‘gugéB/\Vv(u-<v—>v€B).

A sequence u belongs to P if and only if it is the largest element of {0, 1}* \ B, with
respect to the ordering <. Since B is closed under extension, we can conclude that
u € P if and only if

ug BAW (v <|ul+1Au<v—veB).

Therefore, P is detachable. Since < is a total relation on {0, 1}*, we can conclude
that P has at most one element, that means

Vu,v(u#v—u¢g PVv¢P).
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Furthermore, if there exists an element u of P, then every w with |w| = |u|+ 1 belongs
to B, which implies that B is a uniform bar. Define an infinite tree T by

ueT¥ ug¢gB v In<|u(@mePAVI(n<I<|u— ul)=0)).

Note that here we use the assumption that () ¢ B, because B = {0, 1}* would imply
that T = (). If a sequence u belongs to T, then either it does not belong to B or else
some proper restriction of u belongs to P. We show that T has at most one infinite
path. Fix « and 8 and suppose that there is an m such that a(m) # G(m). Since B is
both a bar and closed under extension, there is an n such that an # Bn, an € B, and
Bn € B. We will derive a contradiction from the assumption that both an and (Bn are
in T. By the definition of T, there are k,/ < n such that

e ak € P,
e a)=atk+1)=... =amn—1)=0;
° BZEP;
e =00+ =... =pBn—-1)=0.

If ak = B3I, then an = Bn. If ak # B, then ak and 3l are two distinct elements
of P. Either case leads to a contradiction. Therefore, T has at most one infinite path.
Define a subset T/ of T by
 def . o

ucT {w | u=xw € T} is an infinite tree.
Since we have

Vu(ueT —Vm3Iw (lw=mAuxweT)),
we can conclude that T is a H(l) -set. Next, we show that T’ is a spread. Since T is an
infinite tree, () € T'. Assume that u € T’. Then

T,={w|u*xweT}

is an infinite tree. By Lpan there exists i € {0, 1} such that (7}); is an infinite tree,
which implies that u * i is in T’. This concludes the proof that T’ is a spread. Now
Cran yields the existence of a u such that u € TN B. Since we have T C T, we

even obtain that u € B N T. By the definition of T, some restriction of u lies in P.
Therefore, B is a uniform bar. O

Overall, we obtain the following picture.
WKL < LLPO + CwxkL

FAN <« Lpan + Cgan
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