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A topological set theory
implied by ZF and GPKZ,

ANDREAS FACKLER

Abstract: We present a system of axioms motivated by a topological intuition: The
set of subsets of any set is a topology on that set. On the one hand, this system is
a common weakening of Zermelo-Fraenkel set theory ZF, the positive set theory
GPK and the theory of hyperuniverses. On the other hand, it retains most of
the expressiveness of these theories and has the same consistency strength as ZF.
We single out the additional axiom of the universal set as the one that increases
the consistency strength to that of GPK and explore several other axioms and
interrelations between those theories. Our results are independent of whether the
empty class is a set and whether atoms exist.
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Introduction

An axiomatic set theory can be thought of as an effort to make precise which classes
are sets. It simultaneously aims at providing enough freedom of construction for
all of classical mathematics and still remain consistent. It therefore must imply that
all “reasonable” class comprehensions {x | ¢(x)} produce sets and explain why the
Russell class {x | x ¢ x} does not. The answer given by e. g. Zermelo-Fraenkel set
theory (ZF) is the Limitation of Size Principle: Only small classes are sets. However,
the totality of all mathematical objects, the universe V.= {x | x=x}, is a proper class
in ZF.

Two very different ideas of sethood lead to a family of theories which do allow V € V:

Firstly, one might blame the negation in the formula x ¢ x for Russell’s paradox. The
collection of generalized positive formulas is recursively defined by several construc-
tion steps not including negation. If the existence of {x | ¢(x)} is stipulated for every
generalized positive formula, a beautiful “positive” set theory emerges.
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2 Andreas Fackler

Secondly, instead of demanding that every class is a set, one might settle for the ability
to approximate it by a least superset, a closure in a topological sense.

Surprisingly such “topological” set theories tend to prove the comprehension principle
for generalized positive formulas, and conversely, in positive set theory, the universe is
a topological space. More precisely, the sets are closed with respect to intersections and
finite unions, and the universe is a set itself, so the sets represent the closed subclasses
of a topology on V. A class is a set if and only if it is topologically closed.

The first model of such a theory was constructed by R. J. Malitz in [13] under the
condition of the existence of certain large cardinal numbers. E. Weydert, M. Forti
and R. Hinnion were able to show in [14, 7] that in fact a weakly compact cardinal
suffices. In [1] and [2], O. Esser exhaustively answered the question of consistency
for a specific positive set theory, GPKZ with a choice principle, and showed that it is
mutually interpretable with a variant of Kelley-Morse set theory.

Atoms, sets, classes and topology

We incorporate proper classes into all the theories we consider. This enables us to write
down many arguments in a more concise yet formally correct way, and helps separate
the peculiarities of particular theories from the common assumptions about atoms, sets
and classes.

We use the language of set theory with atoms, whose non-logical symbols are the
binary relation symbol € and the constant symbol A. We say “X is an element of Y
for X € Y. Wecall X an atom if X € A, and otherwise we call X a class. If a class is
an element of any other class, it is a set; otherwise it is a proper class.

We denote the objects of our theories — all atoms, sets and classes — by capital letters
and use lowercase letters for sets and atoms only, so:

e Vx ¢(x) means VX. (Y X€Y) = ¢(X) and
e dx ¢(x) means 3X. (Y X€Y) A ¢(X).

For each formula ¢ let ¢€ be its relativization to the sets and atoms, that is, every
quantified variable in ¢ is replaced by a lowercase variable in ¢C.

Free variables in formulas that are supposed to be sentences are implicitly universally
quantified. For example, we usually omit the outer universal quantifiers in axioms.

Using these definitions and conventions, we can now state the basic axioms concerning
atoms, sets and classes. Firstly, we assume that classes are uniquely defined by their
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extension, that is, two classes are equal iff they have the same elements. Secondly,
atoms do not have any elements. Thirdly, there are at least two distinct sets or atoms.
And finally, any collection of sets and atoms which can be defined in terms of sets,
atoms and finitely many fixed parameters, is a class. Formally:

Extensionality X, Y¢A N VZ.ZeX & ZeY) = X=Y
Atoms XeA = Yé¢X
Nontriviality dxy x#y
Comprehension(1) AZ¢A. Vx. x€Z & )(x, P) for all formulas = ¢°

We will refer to these axioms as the class axioms from now on. Note that the object A
may well be a proper class, or a set. The atoms axiom implies however that A is not
an atom.

We call the axiom scheme given in the fourth line the weak comprehension scheme.
It can be strengthened by removing the restriction on the formula ), instead allowing
1) to be any formula — even quantifying over all classes. Let us call that variant the
strong comprehension scheme. The axiom of extensionality implies the uniqueness
of the class Z. We also write {w | 1)(w, P)} for Z, and generally use the customary
notation for comprehensions, e.g. {xi,...,x,} = {y | y=x1 V...V y=x,} for the
class with finitely many elements xi,...,x,, § = {w | w#w} for the empty class
and V = {w | w=w} for the universal class. Also let T = {x | Jy.yex} be the
class of nonempty sets. The weak comprehension scheme allows us to define unions,
intersections and differences in the usual way.

Given the class axioms, we can now define several topological terms. They all make
sense in this weak theory, but one has to carefully avoid for now the assumption that any
class is a set. Also, the “right” definition of a topology in our context is the collection
of all nonempty closed sets instead of all open sets.

For given classes A and T, we call A T-closed if A = () or A € T. A topology on a
class X is a class T of nonempty subsets of X, such that:

e X is T-closed.
e (B is T-closed for every nonempty class BCT .
e aUb is T-closed for all T-closed sets a and b.

The class X, together with 7', is then called a topological space. If A is a T-closed class,
then its complement CA = X\ A is T-open. A class which is both T-closed and T-open
is T-clopen. The intersection of all T-closed supersets of a class A C X is the least
T-closed superset and is called the T-closure cly(A) of A. Then int7(A) = Ccly(CA)
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is the largest T-open subclass of A and is called the T-interior of A. Every A with
x € inty(A) is a T-neighborhood of the point x. The explicit reference to T is often
omitted and X itself is considered a topological space, if the topology is clear from the
context.

If § C T and both are topologies, we call S coarser and T finer. An intersection of
several topologies on a set X always is a topology on X itself. Thus for every class B
of subsets of X, if there is a coarsest topology T O B, then that is the intersection of
all topologies S with B C S. We say that B is a subbase for T and that T is generated
by B.

If A C X, we call a subclass B C A relatively closed in A if there is a T-closed C
such that B = A N C, and similarly for relatively open and relatively clopen. If every
subclass of A is relatively closed in A, we say that A is discrete. Thus a T-closed
set A is discrete iff all its nonempty subclasses are elements of 7. Note that there is
an equivalent definition of the discreteness of a class A C X which can be expressed
without quantifying over classes: A is discrete iff it contains none of its accumulation
points, where an accumulation point is a point x € X which is an element of every
T-closed B O A\{x}. Formally, A is discrete iff it has at most one point or:

Vx€A FbeT. A C bU{x} A x¢b

A topological space X is T7 if for all distinct x,y € X there exists anopen U C X with
y ¢ U > x, or equivalently, if every singleton {x} C X is closed. X is T, or Hausdorff
if for all distinct x,y € X there exist disjointopen U,V C X withx € Uandy € V. It
is regular if for all closed A C X and all x € X \ A there exist disjoint open U,V C X
with A C U and x € V. X is T3 if itis regular and T;. It is normal if for all disjoint,
closed A, B C X there exist disjointopen U,V C X withAC Uand BC V. X is Ty
if it is normal and 77 .

Amap f : X — Y between topological spaces is continuous if all preimages f~'[A] of
closed sets A C Y are closed, and it is closed if all images f[A] of closed sets A C X
are closed.

Let IC be any class. We consider a class A to be KC-small if it is empty or there is a
surjection from a member of X onto A, that is:

A=0 Vv IxekK IF:x—A Flx]=A

Otherwise, A is K-large. We say KC-few for “a KC-small collection of”, and K-many
for “a KC-large collection of”. Although we quantified over classes in this definition,
we will only use it in situations where there is an equivalent first-order formulation.

Journal of Logic & Analysis 5:1 (2013)



A topological set theory implied by ZF and GPKZ, 5

If all unions of K-small subclasses of a topology T are T-closed, then T is called
K -additive or a IC-topology. If T is a subclass of every K-topology S O B on X, then
T is K-generated by B on X and B is a KC-subbase of T on X. If every element of T
18 an intersection of elements of B, B is a base of T.

A topology T on X is K-compact if every T-cocover has a K-small T-subcocover,
where a T-cocover is a class B C T with (| B = (). Dually, we use the more familiar
term open cover for a collection of T-open classes whose union is X, where applicable.

For all classes A and T, let
O7A = {beT | bCA} and QrA = {beT |bNA # (}.

If T is a topology on X, and if for all a,b € T the classes Ulya N Orb are sets, then
the set 7 = 07X = (X, together with the topology S K-generated by {7ranNrb |
a,beT} is called the K-hyperspace (or exponential space) of X and denoted by
Exp,c(X,T) = (OrX, S), or in the short form: Exp,(X). Since Ora = Ora N OrX
and O7a = OrX N Ora, the classes Ora and Ora are also sets and constitute another
IC-subbase of the exponential K-topology. A notable subspace of Exp,(X) is the
space Expj-(X) of K-compact subsets. In fact, this restriction suggests the canonical
definition Expj-(f)(a) = fla] of a map Expj(f) : Expj(X) — Expi(Y) for every
continuous f : X — Y, because continuous images of K -compact sets are C-compact.
Moreover, Expj-(f) is continuous itself.

KC should be pictured as a cardinal number, but prior to stating the axioms of essential
set theory, the theory of ordinal and cardinal numbers is not available. However, to
obtain useful ordinal numbers, an axiom stating that the additivity is greater than the
cardinality of any discrete set is needed. Fortunately, this can be expressed using the
class D of all discrete sets as the additivity.

1 Essential Set Theory

Consider the following, in addition to the class axioms:

Ist Topology Axiom VeV
2nd Topology Axiom If ACT is nonempty, then ﬂA is T-closed.
3rd Topology Axiom If a and b are T-closed, then aUb is T-closed.
T, {a} is T-closed.
Exponential Ora N Orb is T-closed.
Discrete Additivity UA is T-closed for every D-small class A.
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6 Andreas Fackler

We call this system of axioms fopological set theory, or in short: TS, and the theory
TS without the 1st topology axiom essential set theory or ES. We will mostly work in
ES and explicitly single out the consequences of V € V.

In ES, the class T = OpV = 7V of all nonempty sets satisfies all the axioms of
a topology on V, except that it does not need to contain V itself. Although it is not
necessarily a class, we can therefore consider the collection of V and all nonempty
sets a topology on V and informally attribute topological notions to it. We will call
it the universal topology and whenever no other topology is explicitly mentioned, we
will refer to it. Since no more than one element distinguishes the universal topology
from T, any topological statement about it can easily be reformulated as a statement
about T and hence be expressed in our theory. Having said this, we can interpret the
T, axiom as stating that the universe is a T space.

Alternatively one can understand the axioms without referring to collections outside
the theory’s scope as follows: Every set a carries a topology Ua, and a union of two
sets is a set again. Then the 7| axiom says that all sets are 77 spaces (and that all
singletons are sets) and the exponential axiom says that every set’s hyperspace exists.

If V is not a set, we cannot interpret the exponential axiom as saying that the universe’s
hyperspace exists! Since Ua = Ua N Qa, it implies the power set axiom, but it does
not imply the sethood of Qa for every set a.

A very handy implication of the 2nd topology axiom and the exponential axiom is that
for all sets b, ¢ and every class A,

¢ N Nea@NO{yh ifA#0.

{xéc|ACxCb} = {
(c N Ob)U(cNA) ifA =1(.

is closed, given that ¢ N A is closed or A is nonempty.

Animportant consequence of the T axiom is that for each natural number! n, all classes
with at most n elements are discrete sets. In particular, pairs are sets and we can define
ordered pairs as Kuratowski pairs (x,y) = {{x}, {x,y}}. We adopt the convention that
the n+1-tuple (xy,...,x,11) is ({(x1,...,%s),%,+1) and that relations and functions
are classes of ordered pairs. With these definitions, all functional formulas ¢ on
sets correspond to actual functions, although these might be proper classes. We
denote the €-relation for sets by E = {(x,y) | x€y}, and the equality relation by
A = {{x,y) | x=y}. Also, we write A, for the equality A N A? on a class A.

"Until we have defined them in essential set theory, we consider natural numbers to be
metamathematical objects.
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A topological set theory implied by ZF and GPKZ, 7

We have not yet made any stronger assumption than 77 about the separation properties
of sets. However, many desirable set-theoretic properties, particularly with respect to
Cartesian products, apply only to Hausdorff sets, that is, sets whose natural topology
is T2 .

We denote by [1.,A the class of all b C A with less than n elements. Given
.. tm € {1,...,n}. We define:

.yn m —
lel,...,lm . V — V 7F}’l,l‘1,...,lm(x17 R ,Xn) - <xl‘17 cee 7xlm>

With the corresponding choice of 7y, ... ,t,, all projections and permutations can be
expressed in this way.

For a set a, let a’ be its Cantor-Bendixson derivative, the set of all its accumulation
points, and let a; = a \ @’ be the class of all its isolated points.

Proposition 1 (ES) Let a and b be Hausdorff sets and ay, . . .,a, C a.

(1) Oc,a is a Hausdorff set.

(2) The Cartesian product a; X ... X a, is a Hausdorff set, too, and its universal
topology is at least as fine as the product topology.

(3) Every continuous function F : a; — ay is a set.

(4) Forallty,... t, €{l,...,n}, the function

n . n m
Fot 1@ a" —a

is a Hausdorff set. It is even closed with respect to the product topology of a™+™.
(5) For each x € ay, let by C b. Then for every map F : a; — b, the class
F U (a’'xb) is T-closed and we can define the product as follows:

[[ox = {Fuw@xb) | Fiay =V, Vx Fx) € by}
xeay

It is T-closed and its natural topology is at least as fine as its product topology.

Proof (1): To show that it is a set it suffices to prove that it is a closed subset of the set
Oa, so assume b € [a \ O<,a. Then there exist distinct xp, . . ., x, € b, which by the
Hausdorff axiom can be separated by disjoint relatively open U, ..., U, C a. Then
QU N...N YU, Na is a relatively open neighborhood of b disjoint from . ,a.

Now let b, ¢ € [O<,a be distinct sets. Wlog assume that there is a point x € b \ c.
Since c is finite and a satisfies the Hausdorff axiom, there is a relatively open superset
U of ¢ and a relatively open V > x, such that UNV = (). Now OV NO.,a is a
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8 Andreas Fackler

neighborhood of » and LU N O,a is a neighborhood of ¢ in [<,a, and they are
disjoint. Hence [,a is Hausdorff.

(2): It suffices to prove that a x a is a set and carries at least the product topology,
because then it follows inductively that this is also true for a" with n > 2. And from
this in turn it follows that a; X ... X a, is closed in @" and carries the subset topology,
which implies the claim.

Since a®> contains exactly the sets of the form {{x}, {x,y}} with x,y € a, itis a

subclass of the set s = [l<s[<ca N Ql<ja and we only have to prove that it is closed
ins. Solet ¢ € s\ a*. Then ¢ = {{x},{y,z}} with x ¢ {y,z} and x,y,z € a. Since
a is Hausdorff, there are disjoint U > x and V > y, z which are relatively open in a.
Then s N O0<; U NQUO<,V is relatively open in s, and is a neighborhood of ¢ disjoint

from a?.

It remains to prove the claim about the product topology, that is, that for every subset
b C a, bxa and axb are closed, too. The first one is easy, because bxa = azﬂQng.
Similarly, (b x a) U (a x b) = a®> N {Ob, so in order to show that a x b is closed, let
cebxa)U(axb)\(axb),thatis, c = {{x},{x,y}} with y ¢ b and x € b. Since
a is Hausdorff, there are relatively open disjoint subsets U > x and V 2 y of a. Then
s N OO<1U N OO(V \ b) is a relatively open neighborhood of ¢ disjoint from a x b.

(3): Let F : a; — ap be continuous and (x,y) € a;xa \ F, thatis, F(x) # y. Then
F(x) and y can be separated by relatively open subsets U > F(x) and V > y of a,, and
since F is continuous, F~[U] is relatively openin a;. F U]l x Visa neighborhood
of (x,y) and disjoint from F. This concludes the proof that F is relatively closed in
aj Xay and hence a set.

(4): Let F = Fy4,...1,- Then F C a" x a™ € V, so we only have to find for every
b= ({(x1,...,%), V1s---,Ym)), such that x, # y; for some k,

aneighborhood disjoint from F. By the Hausdorff property, there are disjoint relatively
open U > x; and V > y,. Then

(a* ' x Uxad™™) x (@' xVxa"™*)
is such a neighborhood.
(5): Firstly,
FU@xb) = (){&F@®)} U (a\{xh)xb)

xeay

is a set for any such function F.
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A topological set theory implied by ZF and GPKZ, 9

Secondly, the claim about the product topology follows as soon as we have demonstrated
the product to be T-closed, because the product topology is generated by classes of the

form er ay Cxo where ¢, C b, and only finitely many c, differ from b,.

Since a x b is T-closed and the product P = era; b, is a subset of U(a x b), it
suffices to show that P is relatively closed in ((a x b), so let r € ((a x b) \ P. There
are four cases:

e The domain of r is not a. Then there is an x € a such that x ¢ dom(r). In that
case, O(a x b) N O({x} x b) is a closed superset of P omitting r.

e d xb g r. Thensome (x,y) € d’ x b is missing and ((a x b) N O{(x,y)} isa
corresponding superset of P.

e 7 | a; is not a function. Then there is an x € a;, such that there exist distinct
(x,y0), {(x,¥1) € r. Since b is Hausdorff, there are closed up,u; C b, such that
up Uu; = b, yo ¢ up and y; ¢ u;. Then P is a subclass of

O({x} xup U (a\{xph xb) U O{x}xur U @\{x})xb),

which does not contain r.
e F =r [ qy is afunction, but F(x) ¢ b, for some x € a;. Then

O ({x} X by U (a\{x}) x b)
is a closed superclass of P omitting r.

Thus for every r € [(a x b) \ P, there is a closed superclass of P which does not
contain r. Therefore P is closed. O

The additivity axiom states that the universe is D-additive, that is, that the union of a
discrete set’s image is T-closed. In other words: For every function F whose domain
is a discrete set, the union of the range |Jrng(F) is a set or empty. Had we opted
against proper classes, the additivity axiom therefore could have been expressed as an
axiom scheme.

Even without a choice principle, we could equivalently have used injective functions
into discrete sets instead of surjective functions defined on discrete sets: Point (2) in
the following proposition is exactly the additivity axiom.

Proposition 2 In ES without the additivity axiom, the following are equivalent:

(1) Images of discrete sets are sets, and unions of discrete sets are T -closed.
(2) Ifd isdiscrete and F : d — A surjective, then | JA is T -closed.
(3) Ifd isdiscrete and F : A — d injective, then | JA is T -closed.
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Proof (1) = (2): If images of discrete sets are sets, then they are discrete, too,
because all their subsets are images of subsets of a discrete set. Thus F[d] is discrete,
and therefore its union | F[d] is closed.

(2) = (1): If d is discrete and F is a function, consider the function G : dom(F) — V
defined by G(x) = {F(x)}. Then F[d] = |JG[d] € V. Applying (2) to the identity
proves that | Jd = |Jid[d] is closed.

(2) = (3): If F : A < d is an injection, then F~! : F[A] — A is a surjection from the
discrete subset F[A] C d onto A, so | JA is closed.

(3) = (2): First we show that [1d is discrete. We have to show that any given a € [1d
is not an accumulation point, i.e. that (0d \ {a} is closed. Since a is a discrete set,
every d \ {b} for b € a is closed, as well as d \ a. But

Od\ {a} =0d N (Q(d \a)u U 0\ {b})>

bea
and this union can be seen to be closed by applying (3) to the map
F:{0@\ {b}) | b€a} — a, FO@\ {b})) = b.
Now we can prove (2):
Let G:d — V. Then F : G[d] — 0d, F(x) = G~ '[{x}] is an injective function from

GI[d] to the discrete set (Jd. Therefore, | JG[d] € V. O

Proposition3 (ES) [d isdiscrete forevery discrete set d. Every D -small nonempty
class is a discrete set and every nonempty union of D -few discrete sets is a discrete set.

Proof The first claim has already been shown in the proof of Proposition 2.

Let A be D-small and B C A. Then B and B = {{b} | beB} are also D-small.
Therefore | J B = B is T-closed by the additivity axiom.

Finally, let A be D-small and let every a € A be a discrete set. We have to show that
every nonempty B C [ JA is a set. Butif A is D-small, the class C of all nonempty
sets of the form B N a with a € A also is. Since B # () and every a € A is discrete,
the union of C is in fact B. |
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2 Ordinal Numbers

We do not assume that the empty class is a set, so there may be no well-founded sets
at all, yet of course we want to define the natural numbers and later we will even be
looking for an interpretation of a well-founded theory. To this end we need suitable
variants of the concepts of well-foundedness and von Neumann ordinal numbers.

Our starting point is finding a substitute for the empty set: A class or atom 0 is called a
zero if no element of 0 is a superset of 0. Zeros exist in V: By the nontriviality axiom,
there are distinct x,y € V, so we can set 0 = {{x},{y}}. But in many interesting
cases, there even is a definable zero: Letusset 0 = () if ) € V, and if () ¢ V but
VeV, weset 0 ={{V}} (ts element {V} is not a superset of 0, because by the
nontriviality axiom V is not a singleton). Note that all these examples are sets with at
most two elements.

Given a fixed zero 0, we make the following definitions:
A% = A\O
A€yB if AeB® and 0CB.
A is O-transitive if c€gA forall ¢ €ygb€yA.
A O-transitive a is O-pristine if 0Cc¢ A forall ¢ € (a\0)U{a}.
a is a 0-ordinal number if « is O-transitive, O-pristine and
a? is strictly well-ordered by €,
where by a (strict) well-order we mean a (strict) linear order such that each nonempty
subset has a minimal element. A (strict) order with the property that every subclass

has a minimal element is called a (strict) strong well-order, and we will see shortly that
in fact such a® are strictly strongly well-ordered.

We denote the class of 0-ordinals by Ong and the 0-ordinals themselves by lowercase
greek letters. If a and § are 0-ordinals, we also write o« <o /3 for « C 3. A 0-ordinal
a # 0 is a 0-limit ordinal if it is not the immediate <(-successor of another 0-ordinal,
and it is a 0-cardinal number if there is no surjective map from 3% onto o for any
8 <o «. If there is a least 0-limit ordinal distinct from O itself, we call it w, otherwise
we define wg = Onyg. Its predecessors n €¢ wy are the 0-natural numbers. Obviously
0 is the least O-ordinal, if 0 € V.

For the remainder of this section, let us assume that our O is an atom or a finite set.
Unless there is danger of confusion (as in the case of €p), we omit the prefix and index
0.
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12 Andreas Fackler

Proposition 4 (ES) Let o € On.

(1) a¢a,aisdiscreteand « =0 U {5 € On | € a}.

(2) On is strictly strongly well-ordered by €( and <, and these orders coincide.

(3) aU{a} is the unique immediate successor of «.

(4) If A is a nonempty class of ordinals and | JA € V, then | JA is an ordinal and
the least upper bound of A.

5 UOn=0nu0¢V

Proof (1): Since 0 C «, the equality follows if we can prove that every x €g « is an
ordinal. Firstly, let ¢ €9 b €9 x. Then b €9 o and ¢ €g « by transitiviy of «. Since
a® is strictly linearly ordered by €, it follows that ¢ €¢ x, proving that x is transitive.
Again by the transitivity of «, we see that x C «, and as a subset of a well-ordered set,
x® is well-ordered itself. Also, every ¢ €p x U {x} is an element of a® and therefore
a superset of 0 notin A, so x is pristine.

Since « is a superset of 0, a ¢ 0. Thus if « were an element of «, it would be in a®.
But o €( « contradicts the condition that the elements of o® are strictly well-ordered.

Because 0 is a discrete set and a® = {x € a | 0 C x C «} is closed, it suffices to
show that o® is discrete. So let v € . Since the elements of a® are strictly linearly
ordered, every § € a® \ {~} is either a predecessor or a successor of . Hence

a®\ {7} = WU {xea®|{}CxCa}
is closed.

(2): If a €g 3, then by transitivity of 3, « is a subset of 8 and because « & «, it
is a proper one. For the converse assume « < 3, thatis, o C 5. % is discrete and
well-ordered, so the nonempty subset /3 \ a contains a minimal element §, which by (1)
is an ordinal number. For all v €¢ 4, it follows from the minimality of § that v € «.
Now let v €9 .. Then v € 5 and since S is linearly ordered, v is comparable with
0. Butif § €y v, then § €y « by transitivity, which is false. Hence v €9 . We
have shown that § and « have the same predecessors, so by (1), they are equal. Thus
a = 6 €g B and so the orders €y and < coincide on the ordinals.

Next we show that ordinals «, 5 € On are always subsets of each other and hence On
is linearly ordered, so assume they are not. Let ap be minimal in v\ § and Sy in 5\ v.
Now all predecessors of oy must be in N 3. And since « and [ are transitive, « N 3
is an initial segment and therefore every element of o N /3 is also in . The same
argument applied to By shows that ag = oo N B = [y, contradicting our assumption.
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Finally, given a nonempty subclass A C On, let o € A be arbitrary. Then either «
has no predecessor in A and thus is minimal itself, or o N A is nonempty and has a
minimal element &, because o is well-ordered and discrete and a« N A C a®. For
every v € A\ a, we thenhave § < o < y. Hence ¢ is in fact minimal in A, concluding
the proof that On is strongly well-ordered.

(3): First we verify that 5 = o U {a} is an ordinal. Since « is transitive, 3 also is.
Since « is pristine and 0 C 3 ¢ A, 3 is pristine itself. And 3% is a set of ordinal
numbers, which by (2) must be well-ordered.

From « ¢ « it follows that in fact 5 # « and thus § > «. If v < S, then v € 3,
so either v €9 « or v = «, which shows that § is an immediate successor. Since the
ordinals are linearly ordered, it is the only one.

(4): As a union of transitive, pristine, well-founded sets, | JA is transitive, pristine
and well-founded itself. Since all its predecessors are ordinals, they are strictly well-
ordered by (2), so it is an ordinal itself. For each 5 € A, § C |JA and thus 5 < [JA,
so it is an upper bound of A. If 5 < JA, there is an element v € A with 5 < ~,
therefore it is the least upper bound.

(5): By (1), every element x of an ordinal is in 0 U On. Conversely, 0 is an ordinal
and by (3), every ordinal is an element of its successor. Therefore, 0U On = | On. If
|J On were a set, so would | J On U {|J On} be. But by (4), that would be an ordinal
strictly greater than all elements of On, which is a contradiction. |

These features of On are all quite desirable, and familiar from Zermelo-Fraenkel set
theory. Justasin ZF, On (or rather OnUO0) resembles an ordinal number itself, except
that it is not a set. But in ZF, On even has the properties of a regular limit cardinal
— a consequence of the replacement axiom. Also, our dependence on the choice of a
specific set O is rather irritating. This is where the additivity axiom comes in. In the
context of ordinal numbers (and discrete sets in general), it is the appropriate analog to
the replacement axiom.

By the usual argument, all strongly well-ordered classes whose initial segments are
discrete sets are comparable with respect to their length: There is always a unique
isomorphism from one of them to an initial segment of the other. In particular, for all
finite zeros 0, 0¢ V, the well-orders of Ong and On5 are comparable. Butif A C Onyg
is an initial segment isomorphic to Ong, then in fact A = Onyg, because otherwise A
would be a discrete set and by the additivity axiom, Ong € V, a contradiction. Hence
Ong and Ong are in fact isomorphic and the choice of 0 is not relevant to our theory
of ordinal numbers. Also, wy and wy are equally long and we can define a class A to
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be finite if there is a bijection from n® to A for some natural number n. Otherwise it
is infinite. It is easy to prove that this definition is equivalent to A being the image of
some n® or embeddable into some n®. Also, it can be stated without quantifying over
classes, because such a bijection is defined on a discrete set and therefore a discrete set
itself.

Even if there is no limit ordinal, there might still be infinite sets — they just cannot be
discrete. So the proper axiom of infinity in the context of essential set theory is the
existence of a limit ordinal number:

Infinity wevV
We add the axiom of infinity to a theory by indexing it with the symbol cc.

Using induction on ordinal numbers, one easily proves that for each a € On, the least
ordinal k € On such that there is a surjection from % to a® is a cardinal, and there
is a bijection from k% to a®.

Proposition 5 (ES) On is a regular limit, that is:

(1) Every function F : a® — On is bounded.
(2) The class of cardinal numbers is unbounded in On.

Proof (1): By the additivity axiom, | J F[a®] is a discrete set, so by Proposition 4, it
is an ordinal number and an upper bound of F[a®].

(2): Let us show that for each « there exists a cardinal v > «. This goes by the usual
argument: Every well-order R C a® x a® on a subset of a® is a subclass of the
discrete set (o, so it is a set itself and since o is discrete, it is even a strong well-
order. Recursively, isomorphisms from initial segments of a® with respect to R to
initial segments of On can be defined, and their union is a function from a® onto some
B . We call 3 the order type of R. Now the class A of all well-orders of « is a subclass
of L0« and hence also a discrete set. Mapping every element of A to its order type
must therefore define a bounded map F : A — On. Let v = min(On \ |J F[A]) be
the least ordinal which is not an order type of any subset of a®. We show that v is
a cardinal above «. Firstly, « is the order type of a well-order of a®, so v > a.
Secondly, assume that g : v¥ — v® is surjective and v < v. Then this defines a
well-order on v of order-type at least v/, and since + is the order type of a well-order
on some subset of a® by definition, g would define a well-order on a subset of a® of
order-type v, a contradiction. a
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If V ¢ V, the closure of On may well be all of V and in particular does not have to
be a set. Butin the case V € V, the fact that all Qa are sets determines the closure
Q2 of 0 U On = |J On much more precisely. Moreover, On then resembles a weakly
compact cardinal, which will in fact turn out to be crucial for the consistency strength
of the axiom V € V.

Proposition 6 (TS) (1) Every sequence (x, | «€On) of length On has an accu-
mulation point.
(2) Every monotonously C -decreasing sequence (x,|c€ On) of nonempty sets con-
vergesto ()¢ on Xa - Andevery monotonously C -increasing one to cl (¢ o Xa) -
3) Q=0U0nU{Q}
4) P={x|0U{Q} CxCQ} isa perfect set, thatis, P' = P # ().
(5) On has the tree property, that is: If

T C {f:a® -V]|aecOn}

such that T,, = {f|a® | feT, a®Cdom(f)} is discrete and nonempty for each
ordinal o« > 0, then there is a G : On — V such that:

Gla®eT, forevery ac€ On.

Proof (1): Assume that there is no accumulation point. Then every point y € V has a
neighborhood U such that {« | x,€U} is bounded in On and therefore discrete. Since
the class {x, | xo€U} of membersin U is the image of {« | x, €U}, itis also a discrete
set and does not have y as its accumulation point. It follows that firstly, {a | xo=y}
is discrete for each y, and secondly, the image {x, | € On} of the sequence is also
discrete. But On is the union of the sets {« | xo,=y} for y € {xo | «€On}. Since
‘D-small unions of discrete sets are discrete sets, this would imply that On is a discrete
set, a contradiction.

(2): First let the sequence be decreasing. Then for every y € (), Xo, every member
of the sequence lies in the closed set ¢{y}, so all its accumulation points do. Now
let y ¢ (), *a. Then thereisa 5 € On such that y ¢ x3, and hence from x3 on, all
members are in [xg, so all accumulation points are. Thus the only accumulation point
is the intersection. (Note that the intersection therefore is nonempty because QV is a
closed set containing every member of the sequence.)

Now assume that the sequence is ascending and let A be its union. If y € A, then y € xg
for some 8 € On. Then all members from xg on are in {{y}, so each accumulation
point also is. Thus all accumulation points are supersets of A. But all members of the
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sequence are in [cl(A), so each accumulation point is a subset of cl(A), and therefore
equal to cl(A).

(3): It suffices to prove that € is the unique accumulation point of On. Since On is
the image of an increasing sequence, its accumulation point is indeed unique and is the
closure of | J On by (2). But cl (U On) =cl(0 U On) = Q.

(4): P is closed, and it is nonempty because 2 € P. Given x € P, the sequences in P
given by
Vo = x\(On\a® and 2z, = xU(On\a®)

both converge to x by (2). If x N On is unbounded, x is not among the y,,, otherwise
it is not among the z,, so in any case, x is the limit of a nontrivial sequence in P.

(5): Since for every a« € On, T, is nonempty, there is for every o an f € T with
a® C dom(f). Thus the map

T — On, [+~ 0Udom(f)

is unbounded in On and therefore has a nondiscrete image. Hence T is not discrete
and has an accumulation point g € V. Weset G = g N (On x V).

For each « € On, the union |J s<a I 1s a discrete set, so g is an accumulation point
of the difference 7 \ | g<a I3, Which is the class of all those f € T whose domain is
at least o . But every such f is by definition the extension of some h € T,,. Thus this
difference is the union of the classes S, = {f € T | h C f} with h € T,,. Since T, is
discrete, cl (UheTQ Sh) = UheTa cl(Sy), so g must be in the closure of some S;,. But
S}, 1s a subclass of the closed

{x\hgxghu (Q\axV)},
soh CgChU(Q\ax V), too.
We have shown that for every o € On, the set g N (a® x V) is an element of T,.

This implies that G is a function defined on On, and that G | a® = f | a® for some
f €T, concluding the proof. m|

In fact, we have just shown that every accumulation point g of T gives rise to such a
solution G. Hence firstly, T = cl(T) N O(On x V), and secondly, G can always be
described as the intersection of a set g with On x V. In our formulation of the tree
property, the two quantifications over classes could thus be replaced by quantifications
over sets.

If 2 exists, the hierarchy of well-ordered sets extends well beyond the realm of ordinal
numbers. By linearly ordered set we shall mean from now on a set together with
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a linear order < such that the set’s natural topology is at least as fine as the order
topology, that is, such that all <-closed intervals are T-closed. And by well-ordered
set we mean a linearly ordered set whose order is a well-order (or a strong well-order
— which in this case is equivalent). Then all well-ordered sets are comparable.

The significance of (4) is that even if V € V, the universe cannot be a well-ordered set,
because well-ordered sets have no perfect subset. Thus whenever a is a well-ordered
set, there is a p ¢ a and the set a U {p} can be well-ordered such that its order-type
is the successor of the order-type of a. We use the usual notation for intervals in
the context of linearly-ordered sets, and consider co (resp. —oco) as greater (resp.
smaller) than all the elements of the set. We will also sloppily write a + b and a - b for
order-theoretic sums and products and say that an order-type exists if there is a linearly
ordered set with that order-type.

Every linearly ordered set a is a Hausdorff set and since its order is closed with respect
to the product topology, it is itself a set by Proposition 1. Moreover, the class
ﬂ Ob U {c|blcCa}
bCa initial segment

of all its T-closed initial segments is itself a linearly ordered set in which a can be
embedded via x — (—oo, x]. Thus we can limit our investigations to well-ordered sets
whose order is given by C and whose union exists, which makes things considerably
easier:

Lemma 7 (ES) Ifaclass A C Ua is linearly ordered by C, then cl(A) is a linearly
ordered set ordered by C. If A is well-ordered, then so is cl(A).

Proof First we prove that cl(A) is still linearly ordered. Let x,y € cl(A) and assume
that x  y. Every z € A is comparable to every other element of A, so A is a subclass
of the set Jz U {v | z C v C a} and thus cl(A) also is. Therefore both x and y are
comparable to every element of A and A is a subclass of Cx U {v | x C v C a}. Since
y is not a superset of x, it must be in the closure of A N [lx and thus a subset of x.

Since {vecl(A) | x C v C y} = [x,y] is closed, cl(A) in fact carries at least the order
topology.

Now assume that A is well-ordered and let B C cl(A) be nonempty. Wlog let B be a
final segment. If B has only one element, then that element is minimal, so assume it
has at least two distinct elements. Since A is dense, it must then intersect B and A N B
must have a minimal element x. Assume that x is not minimal in B. Then there is a
y C x in B\ A, and this y must be minimal, because if there were a z C y in B, then
(z,x) would be a nonempty open interval in cl(A) disjoint from A. a
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Thanks to this lemma, to prove that well-ordered sets of a certain length exist, it suffices
to give a corresponding subclass of some [la well-ordered by C. As the next theorem
shows, this enables us to do a great deal of well-order arithmetic in essential set theory.

Proposition 8 (ES) If a and b are Hausdorff sets and a, C a is a well-ordered set
for every x € by, then sup,, a, exists. If in addition, R is a well-order on by (not
necessarily a set), then erbz a, exists. In particular, the order-type of R exists, and
binary sums and products of well-orders exist.

Proof Consider families (r, | x€b;) of initial segments r, C a, with the following
property: for all x,y € b; such that r, # a,, the length of ry is the maximum of r, and
ay. Given such a family, the class

b xa U U{X}er
XEby

is a set. And the class of all such sets is a subclass of LI(b x a) well-ordered by C and
at least as long as every a,, because assigning to y € a, the set

b xa U U{Z}sz,

€Dy

is an order-preserving map, where r, = a, whenever a, is at most as long as a,, and
r; = (—o00,y] such that r, is oder-isomorphic to (—oo, y] otherwise.

In the well-ordered case, consider for every (x,y) € b; X a with y € a, the set
b'xa U {x}x(—0,a;] U (—00,%)g X a.

The class of these sets is again a subclass of [I(b x a) and well-ordered by C. Its
order-type is the sum of the orders a;.

Setting a, = 19 for each x yields a well-ordered set of the length of R. Using a
two-point b proves that binary sums exist. And if b is a well-ordered set and a, = a
for each x € by, then (b + 1%); has at least the length of b and a - b can be embedded

in ) cpriey, o

3 Pristine Sets and Inner Models

Pristine sets are not only useful for obtaining ordinal numbers, but also provide a rich
class of inner models of essential set theory and prove several relative consistency
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results. To this end, we need to generalize the notion of a pristine set, such that it also
applies to non-transitive sets.

But first we give a general criterion for interpretations of essential set theory. The
picture behind the following is this: The elements of the class Z are to be ignored,
so Z is interpreted as the empty class. We do this to be able to interpret () € V even
if the empty class is proper by choosing a nonempty set Z € V. Everything that
is to be interpreted as a class will be a superclass X of Z, but only the elements of
X \ Z correspond to actual objects of the interpretation. In particular, B O Z will be
interpreted as the class of atoms and W as the universe. So the extension of an element
x € W\ B will be aset X with Z C X C W, which we denote by ®(x). Theorem 9
details the requirements these objects must meet to define an interpretation of ES.

Theorem 9 (ES) Let K C D and Z C B C W be classesand ® : W\ B — V
injective. We use the following notation:

e X is an inner class if it is not an atom and Z C X C W. In that case, let
X% =X\2Z.
e S=W\B® and T = ®[S?].
e D=0 Uidge : WP -V
Define an interpretation Z as follows:

X is in the domain of T if X is an inner class or X € B®.
X ety if YisaninnerclassandX € ®[Y?].
AT = B
If the following conditions are satisfied, T interprets essential set theory:

(1) W@ has more than one element.

(2) Every element of T is an inner class, and no element of B is an inner class.
(3) ZU{x} €T forevery x € W%,

(4) Any intersection (| C of a nonempty C C T is Z or an element of T .

S) xUyeTforallx,yeT.

(6) Ifxe T andx\{y} €T forally € x?, then x® is K-small.

(7) Any union | J C of a nonempty K-small C C T is an element of T

(8) Forall a,b € T, the class Z U {xeS® | ®(x)Ca, ®(x)Nb#£Z} is Z orin T.

The length of On” is the least K -large ordinal x, or On if no such r exists (for
example in the case IC = D). In particular, (w € V)T iff w is K-small.

Proof Let us first translate some 7 -interpretations of formulas:
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e (X ¢ A)T iff X is an inner class, and (X € A)T iff X € B®.

o (X € V) iff X € ®[W?], because W is the union of all inner classes, so
Vi =w.

e If (F: X; — X)L, then there is a function G : 6[Xf9] — 5[X§9], defined
by G(Y)) = Y, if (F(Y) = Y>)%, and G is surjective resp. injective iff
(F is surjective)” resp. (F is injective)”.

Now we verify the axioms of ES”:

Extensionality: Assume (X; # Xo N X1,X, ¢ A)I. Then X; and X; are inner classes.
But X; # X, implies that there exists an element y in X; \ X, € W® or X, \ X; C W¥.
Y = ®(y) is either in BY or an inner class by (2). Since ® is injective, this means by
definition that (YEX; A Y¢X,)T or vice versa.

The atoms axiom follows directly from our definition of e because no element of
B® is an inner class, and we enforced Nontriviality by stating that W® has more than
one element.

Comprehension(1): If Y = Z U {xeW? | wz(i’(x),ﬁ)}, then Y witnesses the com-
prehension axiom for the formula 1) = ¢€ with the parameters P, because X €Z Y
iff

X € B[Y?] = {@x) | xeW® A (D), P)},
which translates to X € ®[W®] and v Z(X, P).

Ty: Let (X € V). Then X = ®(x) for some x € W¥. By (3), Y =ZU{x} € T =
®[SP], so in particular (Y € V)Z. But X is the unique element such that X ely,so
(Y = {x}".

2nd Topology Axiom: Assume (D is a nonempty class of sets ), because if (D contains
an atom )’ , the intersection is empty in Z anyway. Then D is an inner class and every
Y € C = ®[D?] is an inner class, which means Y € ®[S®]. So C C ®[S?] and
C # (). We have (X € D) iff X € Y forall Y € D, that is:

X e YOC@[Y@] -3 {(ﬂ C)ﬂ :

because @ is injective. Hence the inner class () C equals (| D)I, and by (4), it is
either in 7 and therefore interpreted as a set, or it is Z = (%,

Additivity: A similar argument shows that | J C equals (U D)I. If (D is a discrete
set)”, then by (6), D® is K-small and therefore the union of C = ®[D®] isin T by

).
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3rd Topology Axiom: Let (X1,X, € T)X. Then X|,X> € T and X, X, %+ 7. By (5),
Y=X,UX; € T,and Y is interpreted as the union of X; and Xj;.

The Exponential axiom follows from (8), because
Y =ZU {xe8% | ®(x)Ca, P(x)Nb#£Z}

equals (a N Ob)E. Infact, X €L Yiff X e T, X Caand XNb #Z,and X Ca is
equivalent to (X C a)”, while X N b # Z is equivalent to (X N b # ).

The statement about the length of On” holds true because the discrete sets are inter-
preted by the classes X with C-small X¥. O

All the conditions of the theorem only concern the image of ® but not & itself, so given
such a model one can obtain different models by permuting the images of ®. Also, if
®[S?] is infinite and if Z € V, one can toggle the truth of the statement () € V) by
including Z in or removing Z from ®[S®].

Proposition 10 (ES) IfZ = (), T is a K-compact Hausdorff K -topology on W,
W has at least two elements, B C W is open and does not contain any subsets of W,
and ® : W\ B — Exp,(W,T) is a homeomorphism, then all conditions of Theorem
9 are met and therefore these objects define an interpretation of ES. In addition, they
interpret the statements V € V and that every set is D -compact Hausdorff.

Proof All conditions that we did not demand explicitly follow immediately from the
fact that W is a K -compact Hausdorff C-topological space and from the definition of
the exponential K-topology.

(V € V)? holds true, because W € Exp,(W,T). And since the K-small sets are
exactly those interpreted as discrete, the K -compactness and Hausdorff property of W
implies that (V is D-compact Hausdorff.)” . |

Such a topological space W, together with a homeomorphism & to its hyperspace, is
called a K-hyperuniverse. These structures have been extensively studied by O. Esser
[4], M. Forti, F. Honsell and M. Lenisa [11, 9]. Here we will deal with a different class
of models given by pristine sets.

Let Z C B be such that no element of B is a superset of Z (they are allowed to be
atoms). Again, write X €z Y for:

XeY? and ZCv.

And X is Z-transitive if ¢ €7 X whenever ¢ €z b €z X. We say that X is Z-B-pristine
if:
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e XeczBor:
e ZC X ¢ A, and there is a Z-transitive set b DO X, such that for every ¢ €z b
either ZC c ¢ A orc €z B.

If a has a Z-transitive superset b, then it has a least Z-transitive superset trcl(a) =
({b2a | b Z-transitive}, the Z-transitive closure of a. Obviously a set is Z-transitive
iff it equals its Z-transitive closure. Also, a is Z-B-pristine iff trcl(a) exists and is Z-
B-pristine. A set a is Z-well-founded iff for every b 37 a, there exists an €z-minimal
cE€yzb.

Theorem 11 (ES) LetZ € V and B O Z such that no element of B is a superset of
Z, and BY is T-closed. Let ® be the identity on W \ B and K = D. The following

classes W meet the requirements of Theorem 9 and therefore define interpretations

7; of essential set theory:

e the class Wl65 of all Z-B-pristine x
o the class Wy of all Z-B-pristine x with discrete trcl(x)®
e the class W3® of all Z-well-founded Z-B-pristine x with discrete trcl(x)®

Z is a member of all three classes and thus (() € V)% holds true in all three cases. If i €
{2,3}, then (every set is discrete)’i, and in the third case, (every set is () -well-founded)s .

IfV €V, then:

() (Vewnh
(2) (On has the tree property)iz forall i.
(3) If BY is discrete, I3 satisfies the strong comprehension principle.

Proof In this proof, we will omit the prefixes Z and B: By “pristine” we always mean
Z-B-pristine, “transitive” means Z-transitive and “well-founded” Z-well-founded.

Since Z% is empty and B is pristine and well-founded, Z € W36B C WSG C Wl@.

Before we go through the requirements of Theorem 9, let us prove that x® is closed
for every x € S

= @nBHU{Z}ny U {yex|ZCy¢A}

Since x is pristine, there is a transitive pristine ¢ O x, and we can rewrite the class
{yex|ZCy¢A}las{yexnlc|Z CyCc}, whichis closed.

Condition (1) of Theorem 9 is satisfied because Z and Z U {Z} are distinct elements
of Wy.
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(2): If x € B, then x is not a superset of Z and therefore not an inner class. Now
let x € S?. We have to show that x = ®(x) is an inner class. Since x ¢ B and x is
pristine, x ¢ A and Z C x, so it only remains to prove that y € WlEB for every y € x?.
If y €7 B, y is pristine. If y ¢ B, then Z C y. Since every transitive superset of x is
also a superset of y, y is pristine in that case, too. If in addition, trel(x)® is discrete,
y also has that property, by the same argument. And if x is also well-founded, y also
is: Forany b 37 y, b® U {x} has a €z-minimal element; since y €z x and y €z b,
this cannot be x, so it must be in »®. This concludes the proof that y € W;® whenever
x € SP.

3): Ifx e WP, then Z U {x} is pristine, because if x € BY, itis already transitive
itself, and otherwise if ¢ is a transitive pristine superset of x, then cU{x} is a transitive
pristine superset of Z U {x}. If moreover ¢? is discrete, then ¢® U {x} also is, and if
x is well-founded, Z U {x} also is.

(4): Let C C S be nonempty. Then () C € S{, too, because every subset of a pristine
set which is a superset of Z is pristine itself, every subset of a discrete set is discrete,
and every subset of a well-founded set is well-founded.

(6): Assume that for every y € x¥, we have x\ {y} € S®. Then (x\ {y})® = x®\ {y}
is closed, and hence x? is a discrete set.

(7) (and consequently (5)): Let C C SﬁB be a nonempty discrete set. Then | JC €
Wi \ B, because if ¢} is a transitive pristine superset of b for all b € C, then | J ¢} is
such a superset of the union. If all the ¢, are discrete, their union also is, because they
are only D-few. And if every element of C is well-founded, | C also is.

(8): Y = Z U {xeS® | xCa,xNb#£Z} is pristine, because if ¢ is a transitive pristine
superset of a, then z = ZU {Z} U {x€lc | ZCx} is a transitive pristine superset of Y.
And Y is in fact a set, because b? is closed, so Y = Z U (z% N Oa N Ob?) also is. If
c® is discrete, Oc® is discrete, and sois z% \ {Z} = {yUZ | y € Oc®}. Andif a is
well-founded, any set of subsets of a is well-founded, too.

The claims about discreteness and well-foundedness are immediate from the definitions.
Now let us prove the remaining claims under the assumption that V € V:

(I): V\ A is a set, namely OV U {(} or OV, depending on whether () € V. Let:

U =V
U1 = B U {xeV\A|ZCxCZUU,}
Us = (U

ncw

Journal of Logic & Analysis 5:1 (2013)



24 Andreas Fackler

Then U, is a set. Since WfB CVand Wl69 QB@U{XEV\A|ZQXQZUW1®},it
is a subset of U,,. It remains to show that U,, C Wl@, that is, that every element of U,
is pristine, because then it follows that W, is a pristine set itself and hence W, € Wy.
In fact, it suffices to prove that Z U U, is a transitive pristine set, because then all
x €z U,, will be pristine, too. So assume y €7 x €z ZU U,,. If x were in B®, then
y ¢z x,s0 xmustbein V\ A and Z C x C ZU U, forall n. Thus x C ZU U,,, which
implies that y €7 U,,,.

(2) follows from Proposition 6.

(3): It suffices to show that W? does not contain any of its accumulation points,
because that implies that every inner class corresponds to a set — it’s closure —, so that
the weak comprehension principle allows us to quantify over all inner classes. Since
B? is discrete and

SY\{Z} = WwWP\BuU{Z}) C {xeV\A|ZCx} € V

(recall that no element of B is a superset of Z), B certainly contains no accumulation
point of W369 . So assume now that x € W3GB is an accumulation point. Since it
is well-founded and trel(x)® is a discrete set, trcl(x)® U {x} has an €z-minimal
W?—accumulation point y. Then y € S;e and y is also an accumulation point of
W5\ (B® U {Z}). Since none of the D-few elements of y® is an W; -accumulation
point, Wy \ (B® U {Z,y}) is a subclass of

OclWS \y) U | Del(W \ {z}),
z€z7y

which is closed and does not contain y, a contradiction. a

By the nontriviality axiom, there are distinct x,y € V. If we set Z = B = {{x}, {y}},
the requirements of Theorem 11 are satisfied, so Z; interprets essential set theory with
() € V in all three cases. Moreover, since Z = B, it interprets A = (). So A =0 €V
is consistent relative to ES. In the case i = 3, moreover, (every set is ()-well-founded
and discrete)” ! And if in addition w € V, then w is D-small and thus (w € V)5 by
Theorem 9.

But if in ES. every set is discrete and ()-well-founded, the following statements are
implied:
Pair, Union, Power, Empty Set {a,b}, Ua, Pa), ) € V
Replacement If F is a function and a € V, then F[a] € V.

Foundation Every x € T has a member disjoint from itself.
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And these are just the axioms of ZF?! Conversely, all the axioms of ES, hold true in
ZF, so ZF could equivalently be axiomatized as follows®:

e ES,
e A=0eV
e Every set is discrete and ()-well-founded.

If in addition V € V, then Z3 even interprets the strong comprehension axiom and
therefore Kelley-Morse set theory* with On having the tree property. Conversely, O.
Esser showed in [1] and [2] that this theory is equiconsistent with GPK;, which in
turn is an extension of topological set theory that will be introduced in the next section.
In summary, we have the following results:

Corollary 12 ES is equiconsistent with ZF : The latter implies the former and the
former interprets the latter.

TS and GPKY, both are mutually interpretable with:
Kelley-Morse set theory + On has the tree property.

75 is a particularly intuitive interpretation if ),V € V, A = () and we set Z = B = ().
Then every set is ({)-0-)pristine and €y is just €. Also, V\ {#} = 0V € V,s0 0
is an isolated point. If a set x contains only isolated points, it is discrete, and since
x = Uye,{y} and every {y} is open, x is a clopen set. Moreover, x is itself an isolated
point, because {x} is open:
= xulJol
yeEX

Thus it follows that all (()-)well-founded sets are isolated. Define the cumulative
hierarchy as usual:

U = 0
Ua+1 - DUa @] {@}
Uy = U U, for limit ordinals A
a<

2With classes, of course. We avoid the name NBG, because that is usually associated with
a strong axiom of choice.

?* We will soon introduce a choice principle for ES, the uniformization axiom, which applies
to all discrete sets. Since in ZF every set is discrete, that axiom is equivalent to the axiom of
choice.

*The axiom of choice is not necessarily true in that interpretation, but even the existence of
a global choice function does not add to the consistency strength, as was shown by O. Esser in

[5].

Journal of Logic & Analysis 5:1 (2013)



26 Andreas Fackler

Since images of discrete sets in On are bounded and since every nonempty class of
well-founded sets has an €-minimal element, the union | J U, is exactly the class
of all well-founded sets, and in fact equals W3.

aeOn

On the other hand, we can also use Theorem 9 to find a model of ES,, + (A=0eV) +
(V¢V) which provably has non-discrete sets. Let us construct an example in the theory
TSs + (A=0eV): Let Z = B = () and let W be the class of all a € V such that every
infinite descending sequence

a>XxX)2DX] DX ...

meets €2, that is, In € w x,, € . Then with ® = id and K = On, the conditions of
Theorem 9 are satisfied:

e (1): W has more than one element because 2 C W.

e (2) and (6) are trivial because K = On and Z = B = ().

e (3),(4), (5), (7) and (8) follow because W is transitive and every subset of W is
an element of W.

Since 2 is in the domain of the resulting interpretation 7, together with its whole
topology, (there is a non-discrete set )%, and in fact (the closure 2 of On exists)?. On
the other hand, if VZ = W were a set, then W > W 3 W > ..., a contradiction to the
definition of W. Thus (V ¢ V)Z.

4 Positive Specification

This section is a short digression from our study of essential set theory. Again starting
from only the class axioms we introduce specification schemes for two classes of
“positive” formulas as well as O. Esser’s theory GPK™ (cf. [1, 2, 3, 5]), and then turn
our attention to their relationship with topological set theory.

The idea of positive set theory is to weaken the inconsistent naive comprehension
scheme — that every class {x | ¢(x)} is a set — by permitting only bounded positive
formulas (BPF), which are defined recursively similarly to the set of all formulas, but
omitting the negation step, thus avoiding the Russell paradox. This family of formulas
can consistently be widened to include all generalized positive formulas (GPF), which
even allow universal quantification over classes. But to obtain more general results, we
will investigate specification schemes instead of comprehension schemes, which only
state the existence of subclasses {x€c | ¢(x)} of sets ¢. If V is a set, this restriction
makes no difference.

Journal of Logic & Analysis 5:1 (2013)



A topological set theory implied by ZF and GPKZ, 27

We define recursively when a formula ¢ whose variables are among X;,X>, ... and
Y1, Ys,... (where these variables are all distinct) is a generalized positive formula
(GPF) with parameters Y1, Y, . . .:

e The atomic formulas X; € X; and X; = X; are GPF with parameters Y1, Y5, .. ..

e If ¢ and v are GPF with parameters Y1, Y>, ..., thensoare ¢ A ¢ and ¢ V ).

e If i # jand ¢ is a GPF with parameters Y1, Y>,. .., then so are VX;€X; ¢ and

E|Xi€Xj 0.

e If ¢ is a GPF with parameters Y1, Y»,. .., then sois VX;€Y; ¢.
A GPF with parameters Yy, Ys, ... is a bounded positive formula (BPF) if it does not
use any variable Y;, that is, if it can be constructed without making use of the fourth
rule. The specification axiom for the GPF ¢(X, ..., X, Y1, ..., Y,) with parameters
Y1, Ys, ..., whose free variables are among X1, ..., X,, is:

{x€c| ¢(x,b2,...,by,B1,...,B,)} is T-closed
forall ¢, by, ...,b, € V and all classes By, ..., B,.

GPF specification is the scheme consisting of the specification axioms for all GPF ¢,
and BPF specification incorporates only those for BPF ¢. Note that we did not include

the formula x € A or any other formula involving the constant A in the definition, so
x € A isnot a GPE.

The following theorem shows that BPF specification is in fact finitely axiomatizable,
even without classes.’

Theorem 13 Assume only the class axioms and that for all a,b € V, the following
are T -closed:

Ua, {a,b}, axb
Let © be the statement that for all sets a,b € V, the following are T -closed:
Ana, Ena, {{x,y)eb|Vzey (x,y,z)€a},
{ox2) [y gea),  {(zxy) [ (xy,z)ea}

Then BPF specification is equivalent to ©. And GPF specification is equivalent to ©
and the second topology axiom.

A similar axiomatization, but for positive comprehension, is given by M. Forti and R.
Hinnion in [7]. On the other hand, no finite axiomatization without classes exists for generalized
positive comprehension, as O. Esser has shown in [5].
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Proof Ordered pairs can be built from unordered ones, and the equality (x,y) = z
can be expressed as a BPF. Therefore the classes mentioned in © can all be defined
by applying BPF specification to a given set or product of sets, so BPF specification
implies ©.

GPF specification in addition implies the second topology axiom,
VB£D. 0=(1B Vv [)BeV.

because Va€B x€a is clearly a GPF with parameter B, and the intersection is a subclass
of any ¢ € B.

To prove the converse, assume now that © holds. Since it is not yet clear what we can
do with sets, we have to be pedantic with respect to Cartesian products. We define

A X, B = {<a,b],b2> ’ aGA, (b],b2>€B} ,

which is not the same as A x B for B C V2, because (a,b1,by) = ((a,b;),by),
whereas the elements of A x B are of the form (a, (b, b2)). Yet we can construct this
and several other set theoretic operations from ©:

axyb = {<Z?x7y>|<xayaz>€bxa}
aUb = U{a,b}
anb = JUH{ 1xeanb} =@ N (axb))

anvV? = an (UUa)2
{5 ) ea) = aﬂU(M(U“)z)
dom@) = |J{tx} |t e Janv®}

ail = dom ({(y,x,z) ’ (x,y,z) € ax{a}})

We will prove by induction that for all GPF ¢(Xy, ..., Xy, Y1,...,Y,) with parameters

Yi,...,Y, and free variables Xi,...,X,,, and for all classes By,...,B, and sets
at,...,0am,
Agh._"am = {<X1,... ,Xm> carX...Xay ’ ox1, .oy Xm, Bl - - ,Bn)}

is T-closed. This will prove the specification axiom for ¢, because

{x€c| ¢(x,by,...,by,B1,...,By)} = dom ( ..dom (Aﬁ{b2}7~~y{bm}> .. ) ,

where the domain operation is applied m — 1 times.
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Each induction step will reduce the claim to a subformula or to a formula with fewer
quantifiers. Let us assume wlog that no bound variable is among the X;,... or Y, ...
and just always denote the bound variable in question by Z.

Case 1: Assume ¢ is VZ&Y; 9. Then

Al an = () dom (477750
XEB;
where (Z/Xy41) is the formula v, with each free occurrence of Z substituted by
Xmu+1. This is the step which is only needed for GPF formulas. Since it is the only
point in the proof where we make use of the closure axiom, we otherwise still obtain
BPF specification as claimed in the theorem.

Case 2: Assume ¢ is a bounded quantification. If ¢ is 3Z€X; 1), then
At = dom (AL E e 1 X S

ajp,...,am,b

where b = (Ja;. If ¢ is VZ€EX; 1, then

A;bl,...,a,,, = dom{(x,y> € ayX...xXapxa; | Vz€y (x,y,z) € A? b}’

ayy---,am,di,

where again b = (Ja;, and p is the formula Y(Z/X;y+2) A Xmt+1=X;. The class
defined here is of the form {(x,y)eb | Vz€y (x,y,z)€a} and therefore a set, by our
assumption.

Case 3: Assume ¢ is a conjunction or disjunction. If ¢ is 1) A x resp. ¥ V x, then
A9 = AY NAY resp. A2 = AZfl’_ UAX

ap,...,d ajy..-,am s5eeeym ajy...,am <o Aly...,dm*

Case 4: Assume ¢ is atomic. If X, does not occur in ¢, then Af.,.‘.,am = AZ&]M
an . If ¢ has more than one variable, but X,,_; is not among them, then:

SXon/Xim—1)
Afl,...,am = {<Z7xmflaxm> | <Zaxm>xm71> € Aal,..n.l,a,,lwiz,am X ap—1

X

Am—1

Applying these two facts recursively reduces the problem to the case where either
m = 1 or where X,, and X,,_; both occur in ¢:

X=X _
A= = g
X1 eX _ 2
AN = dom (ENay)
Amel:Xm _ ar X % A
alyeenrlm = 1 X oo X a2 X2 (AN (@m—1Xap))
X=X
Aalm,...,amm o= ap X ... X am— X2 (AN (@n—1xam))
Xm—1€X,
Aa;n,..‘l,amm = a; X...Xap-2 X2 (E N (am—l Xam))
A=t — g X ames X2 (BTN N (a1 Xam))
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As we already indicated, the theory GPK™ uses GPF comprehension, but if V € V,
specification entails comprehension. GPK™ can be axiomatized as follows:

e VeV
e A=0eV
e GPF specification

Proposition 14 GPK™ implies TS and that unions of sets are sets.

Proof If B C T, then (B = {x | VyeB xcy} is T-closed, and if a,b € T, then
aUb = {x | x€a vV xeb} € V, because these are defined by GPFs, proving the 2nd
and 3rd topology axioms. {a} = {x | x=a} and x=a is bounded positive, so 7} is
also true.

OanOb = {c | Ix€b x=x ANVxEc x€a N\ Ixeb xec} is defined by a positive formula
as well, yielding the exponential axiom.

Ja = {c | 3x€a cex} is also T-closed, for the same reason.

The formula z = {x,y} can be expressed as x€z A yez A Ywez (w=x V w=y), so it is
bounded positive. Using that, we see that ordered pairs, Cartesian products, domains
and ranges can all be defined by GPFs. This allows us to prove the additivity axiom:

Let a € T be discrete and F : a — V. We first show that F' € V: Firstly, F Ca xV
and a x V is T-closed. Secondly, if (x,y) € (a x V) \ F, then F(x) # y, so F is
a subclass of the T-closed (a\{x} x V) U {(x, F(x))}, which does not contain (x,y).
Thus F is a set and hence | Jrng(F) is T-closed. O

5 Regularity and Union

After having seen that topological set theory is provable in GPK™, we now aim for a
result in the other direction. To this end we assume in addition to ES the union axiom
and that every set is a regular space:

Union U a is T-closed for every a € V.
T3 x€a A bela = Fu,v. uUv=a A x¢u N\ bnv=0)

These two axioms elegantly connect the topological and set-theoretic properties of
orders and products. Note that they, too, are theorems of ZF, because every discrete
set is regular and its union is a set.
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Recall that we use the term ordered set only for sets with an order <, whose order-
topology is at least as fine as their natural topology. By default, we consider the order
itself to be the non-strict version.

Proposition 15 (ES + Union + 73) (1) Domains and ranges of sets are sets.
(2) Every map in V is continuous and closed with respect to the natural topology.
(3) A linear order < on a set a is a set iff its order topology is at most as fine as the
natural topology of a.
(4) The product topology of a" is equal to the natural topology.
(5) If A is closed, GPF specification holds.

Proof (1): Let a be aset. Then ¢ = | J|Ja is a set, and in fact, ¢ = dom(a) U rng(a).
But dom(a) = |J(O<ic N |Ja), which proves that domains of sets are sets. Now
Fanp | c?:c? — ¢*isaset, and so is (¢ X a) N F> 1. But the domain of this set is
a~!, and the domain of a~! is rng(a).

(2): Let f € V be a map from a to b, and let ¢ C b be closed. Then f N (a X ¢) is
a set, too, and so is f~![c] = dom(f N (a x ¢)). Thus f is continuous. Similarly, if
¢ C a is closed, then f[c] = rng(f N (c x b)) is a set and hence f is closed.

(3): Now let a be linearly ordered by <. If x € a, then [x, 00) = rg(({x} x a) N <)
and (00, x] = dom((a x {x}) N <). Conversely assume that all intervals [x, y] are sets.
Then if (x,y) € a®\ <, thatis, x > y. If there is a z € (y,x), then (z, 00) X (—00,7) is
a relatively open neighborhood of (x, y) disjoint from <. Otherwise, (y, 00) X (—00, X)
is one.

(4): To show that the topologies on a" coincide, we only need to consider the case
n = 2; the rest follows by induction, because products of regular spaces are regular.
Since a is Hausdorff, we already know from Proposition 1 that the universal topology
is at least as fine as the product topology, and it remains to prove the converse.

Let b C a? be a set. We will show that it is closed with respect to the product topology.
Let (x,y) € a*\ b. Then x ¢ dom(b N (a x {y})), so by regularity, there is a closed
neighborhood u 3 x disjoint from that set. Thus b N (a x {y}) N (u x a) = 0, that is,
y ¢ mg(b N (u x a)). Again by T3, there is a closed neighborhood v > y disjoint from
that. Hence » N (« X v) = () and u X v is a neighborhood of (x,y) with respect to the
product topology.

(5): We only have to prove © from Theorem 13: The statements about the permutations
of triples are true because the topologies on products coincide. A N a is closed in
(dom(a) U rng(a))?, even with respect to the product topology, because every set is
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Hausdorff. ENa is a set by regularity: If (x,y) € a \ E, then x ¢ y, so x and y can be
separated by disjoint U > x and V D y relatively open in dom(a) Urng(a). aN(U x V)
is a neighborhood of (x,y) disjoint from E

It remains to show that B = {(x,y)€b | Vz€y (x,y,z)€a} is closed for every a € V.
Since
B = bn {{xyec?|Vzey xy€anc},

where ¢ = dom(b) U rng(b) U | Jrng(b), we can wlog assume that b = c?and a C 2,
and prove that B is a closed subset of ¢?. Let (x,y) € ¢?\B, thatis, let 3z€y (x,y,z)¢a.
By (4) there exist relatively open neighborhoods U, V and W of x, y and z in ¢, such
that U x V x W is disjoint from a. But then ¢ N OW equals ¢ \ (A UO(c \ W)) or
¢\ (AU{0}uO(c\ W)), depending on whether (} € V, so ¢ N QW is relatively open
and hence U x (V N QW) is an open neighborhood of (x,y) in ¢? disjoint from B. 0O

Together with (5), Proposition 14 thus proves:
Corollary 16 GPK(tO) + T3 is equivalent to TS(eo) + (A=0€V) + Union + T5.

We do not know whether it is actually necessary to require 73 here. In fact, there are
no known models of GPK&) or TS(e) which do not satisfy T3.

6 Uniformization

Choice principles in the presence of a universal set are problematic. By Theorem
6, for example, V € V implies that there is a perfect set and in particular that not
every set is well-orderable. And in [8, 10, 3], M. Forti, F. Honsell and O. Esser
identified plenty of choice principles as inconsistent with positive set theory. On the
other hand, many topological arguments rely on some kind of choice. The following
uniformization axiom turns out to be consistent and yet have plenty of convenient
topological implications, in particular with regard to compactness.

A uniformization of a relation R C V? is a function F C R with dom(F) = dom(R).
The uniformization axiom states that we can simultaneously choose elements from a
family of classes as long as it is indexed by a discrete set:

Uniformization If dom(R) is a discrete set, R has a uniformization.

Unless the relation is empty, its uniformization will be a set by the additivity axiom.
Therefore the uniformization axiom can be expressed with at most one universal and
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no existential quantification over classes, and thus still be equivalently formulated in
a first-order way, using axiom schemes. Let us denote by ESU resp. TSU essential
resp. topological set theory with uniformization.

In these theories, at least all discrete sets are well-orderable. The following proof goes
back to S. Fujii and T. Nogura ([12]). We call f : Ua — a a choice function if f(b) € b
for every b € Ua.

Proposition 17 (ESU) A set a is well-orderable iff it is Hausdorff and there exists
a continuous choice function f : Oa — a, such that b \ {f(b)} is closed for all b.

In particular, every discrete set is well-orderable and in bijection to k¥ for some
cardinal k.

Proof If a is well-ordered, we only have to define F(b) = min(b). In a well-order,
the minimal element is always isolated, so b \ F(b) is in fact closed. To show that F
is a set, let ¢ C a be closed. Then the preimage of ¢ consists of all nonempty subsets
of a whose minimal element is in ¢. Assume b ¢ F~![c], thatis F(b) ¢ c. Then

Oa N O((—o0,F(b)l Nc)) U L[F(b) + 1,00)

is a closed superset of F~![c] omitting b, where by F(b) 4+ 1 we denote the successor
of F(b), and if F(b) is the maximal element, we consider the right part of the union to
be empty. Hence F~![c] is in fact closed, proving that F is continuous and a set.

For the converse, assume now that f is a continuous choice function. A set p C [a is
an approximation if:

e acp

e p is well-ordered by reverse inclusion D.

e For every nonempty proper initial segment Q C p, we have (| Q € p.
e For every non-maximal b € p, we have b\ {f(b)} € p.

We show that two approximations p and g are always initial segments of one another, so
they are well-ordered by inclusion: Let Q be the initial segment they have in common.
Since both contain b = () Q, that intersection must be in Q and hence the maximal
element of Q. If b is not the maximum of either p or g, both contain b\ {f(b)}, which
is a contradiction because that is notin Q.

Thus the union P of all approximations is well-ordered. Assume [P has more than
one element. Then PU{(" P, P\f(()P)} were an approximation strictly larger than
P. Thus () P is empty or a singleton. Since there is no infinite descending chain, and
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for every bounded ascending chain Q C P, we have (1Q € P, P isclosed,so P € V.
Also, D is a set-well-order on P. Thus « is also set-well-orderable, because f [ P is a
continuous bijection onto a:

Firstly, it is injective, because after the first b with f(b) = x, x is omitted. Secondly,
it is surjective, because if b € P is the first element not containing x, it cannot be the
intersection of its predecessors and thus has to be of the form b = ¢\ {f(c)}. Hence
x = f(c). If x is a member of every element of P, then (P = {x} € P and x = f({x}).

Now let a be a discrete set. We only have to prove that a continuous choice function
f : Ua — a exists. In fact, any choice function will do, since [la is discrete and hence
every function on Ua is continuous. And the existence of such a function follows from
the uniformization axiom, applied to the relation R C [d x d defined by: xRy iff
y € x.

It follows that every discrete set a is well-orderable. Therefore, it is comparable in
length to On. If an initial segment of a were in bijection to On, then as the image
of a discrete set, On would be a set. Hence a must be in bijection to a proper initial
segment a® of On. If k is the cardinality of «, there is a bijection between <% and
a®. Composing these bijections proves the claim. O

It follows that there exists an infinite discrete set iff w € On. The uniformization
axiom also allows us to define for every infinite cardinal x a cardinal 2¥, namely the
least ordinal in bijection to [Jx®. Proposition 17 then shows that, just as in ZFC, On
is not only a weak but even a strong limit.

Like the axiom of choice, the uniformization axiom could be stated in terms of products.
Of course, it only speaks of products of D-few factors at first, but surprisingly it even
has implications for larger products as long as the factors are indexed by a D-compact
well-ordered set. D-compactness for a well-ordered set just means that no subclass of
cofinality > On is closed.

Proposition 18 (ESU+ 75+ Union) Letw be a D-compact well-ordered set, a € V

and a, C a nonempty for every x € wy. Then the product [ | a, is nonempty.

XEW]S

Proof Recall that the product is defined as:

Hax = {FU(w’xa) | F:w—V, VxF(x)Eax}

xewy

We do induction on the length of w and we have to distinguish three cases:
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Case 1: If w has no greatest element, its cofinality must be D-small or else it would
not be D-compact Hausdorff. So let (y, | @« < k) be a cofinal strictly increasing
sequence. Using the induction hypothesis and the uniformization axiom, choose for
every o < & an element

Jo € H Ay

XE]ya,Ya+1lr

Then the union of the f, is an element of [, ., ax.

Case 2: Assume that w has a greatest element p and that w \ {p} is a set. Then this is
still D-compact Hausdorff and hence the induction hypothesis applies, so there is an
element f : w\ {p} — a of the product missing the last dimension. For any y € a,,,

the set f U (p,y) isin [[ ¢, @x-

Case 3: Finally assume that w has a greatest element p and that w \ {p} is not a set.
By the induction hypothesis,

XE[*OOJ’]I

is a nonempty set for every y < p. The union Q = Uy <p Py 1s not a set, because
otherwise its domain dom (|JQ) = w \ {p} would also be a set. But since Q C
L(w X a), it does have a closure which is a set, and this closure must have an element
g with p € dom(g). We will show that f = g U (W' x a) witnesses the claim, that is,

f € HxEWI Ax-

If z € wy, then g is not in the closure of Uy <. Py, because that is a subclass of the set
U((—o0, z] X a). Thus g is in the closure of Ungp Py, which is a subclass of:

M, = 0Owxa) Nn{r|rn{z}xa) €U<a;}
If we can show that M, is closed, we can deduce that g € M, for every z € w; and
therefore g [ wy = f | wy is a function from w; to a with f(x) € a, for all x € wy.
Thus f is indeed an element of the product.

To prove that M. is closed in C(w x a)NO({z} X a;), assume r is an element of the latter
but not of the former. Then there are distinct x1,x; € a;, such that (z,x1), (z,x2) € z.
Since a; is Hausdorff, there are u; and uy, such that x; ¢ u;, x» ¢ up and u; Uuy = a,
and

O(w\{zh) xa U {z} xu) U O(w\{zh) xa U {z} xu)

is a closed superset of M, omitting r. a
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Some of the known models of topological set theory are ultrametrizable, which in
the presence of the uniformization axiom is a very strong topological property. A set
a is ultrametrizable if there is a decreasing sequence (~, | a€On) of equivalence
relations on a such that (), ~o= A, and the a-balls [x]o = {y | x ~o y} for x € a
and o € On are a base of the natural topology on a in the sense of open classes, that
is, the relatively open classes U C a are exactly the unions of balls. If that is the case,
the «-balls partition a into clopen sets for every «.

Proposition 19 (ESU) Every ultrametrizable set is a D -compact linearly orderable
set.

Proof For every a € On, the class C,, of all a-balls is a subclass of [a. If b € Ua
and x € b, then {[x],, is a neighborhood of » in (Ja which contains only one element
of C,, namely [x],. Hence C, has no accumulation points and is therefore a discrete
set. That means there are only D-few «-balls for every o € On.

Now let A C Oa and (A = (0. For each «, let B, be the union of all «-balls which
intersect every element of A. Then (), B, = 0 and every B, is closed.

Assume that all B, are nonempty. Then for every « all but D-few members of the
sequence (B, |a€ On) are elements of the closed set [JB,,, so every accumulation point
must be in (¢, OB, which is empty. Thus {B, | a€On} has no accumulation
point and is a discrete subset of [1By. Hence it is D-small, which means that the
sequence (B, | «€On) is eventually constant, a contradiction.

Therefore there is a B, which is empty, and by definition every «-ball is disjoint from
some element of A. Since there are only D-few «-balls, the uniformization axiom
allows us to choose for every a-ball [x], an element ¢, € A disjoint from [x],. The
set of these cy,, is discrete and has an empty intersection. This concludes the proof
of the D-compactness.

Since it is discrete, the set C,, can be linearly ordered and there are only D-few such
linear orders for every «. If L is a linear order on C,, let Ry be the partial order
relation on a defined by xRy iff [x]oL[ylo. Rr is a set because it is the union of
D-few sets of the form [x], X [y]o. Let S, be the set of all such R;. The sequence
(Sa | € On) can only be eventually constant if « is discrete, in which case it is linearly
orderable anyway. If a is not discrete, however, S = | J, So must be D-large and
therefore have an accumulation point < in (a?. Because each S, is D-small, < is in
the closure of every (Jg.., Sg. For x,y € a, let

faxy = 0@\ (¥ % [xa) N O{x, )}
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We will show that < is a linear order on a:

Assume x # y. Then there is an « such that x »~, y. Every element of | J B>a S8
assigns an order to [x], and [y]., so itis in exactly one of the disjoint closed sets 7, x,y
and 7,y . Therefore the same must be true of <, so we have x < y iff not y < x. This
proves antisymmetry and totality.

If x <y < zand x,y,z are distinct, then there is an « such that x ~, y ¢, Z %4 X.
Then < is in the closure of neither #, y « nor . ; ,, and must therefore be in the closure
of

U SB m ta:X,)’ m tOévy,Z’
B>a

which is a subset of 7, , ;, because every element of S is transitive. It follows that <

is also in f, x ; and thus x < z, proving transitivity.

Finally, < is reflexive because for every x € a, all of S lies in the set Oa® N

O{(x, )} O
Another consequence of the uniformization axiom is the following law of distributivity:

Lemma 20 (ESU) Ifd is discrete and for each i € d, J; is a nonempty class, then

Jni = N Urso

icd jeli fe€llica i i€l

Proof If x is in the set on the left, there exists an i € d such that x is an element of
every j € J;. Thus for every function f in the product, x € f(i). Hence x is an element
of the right hand side.

Conversely, assume that x is not in the set on the left, that is, for every i € d, there is a
J € Jisuchthat x ¢ j. Let f be a uniformization of the relation R = {(i,j) | i € d, x ¢

j€Ji}. Then x & Ui, f(0). ]

It implies that we can work with subbases in the familiar way. Let us call K regular if
every union of [C-few K -small sets is KC-small again. Then in particular D is regular.

Lemma 21 (ESU) Let K C D and let B be a K -subbase of a topology T such that

the union of IC-few elements of B always is an intersection of elements of B. Then B
isabaseof T.
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Proof We only have to prove that the intersections of elements of B are closed with
respect to KC-small unions and therefore constitute a X -topology. But if I is K-small,
and each (b;; |j € J;) is a family in B, we have

UNe = 1 Ubiwe

i€l jeJ; fellig i i€l

by Lemma 20, and every K-small union | J;., b; ;) is an element of B again. a

Thus if /C is regular and S is a C-subbase of T, the class of all -small unions of
elements of S is a base of 7. Since |J; 0a; = O |, a;, the sets of the following form
constitute a base of the exponential K-topology:

Ora U U Urb;,
icl
where I is KC-small and a, b; € T forall i € I. As that is sometimes more intuitive, we

also use open classes in our arguments instead of closed sets. By setting U = Ca and
V; = Cb;, we obtain that every open class is a union of classes of the following form:

OrU N m OrVi
iel
That is, these constitute a base in the sense of open classes. Since LJU = U N QU,

the class U can always be assumed to be the union of the V;.

Lemma 21 also implies that given a class B, the weak comprehension principle suffices
to prove the existence of the topology K-generated by B: A set c is closed iff for every
x € Ca, there is a discrete family (b;);c; in B, such that ¢ C U; bi and x ¢ |J; bi. In
particular, the K-topology of Expy-(X) exists (as a class) whenever the topology of X
is a set.

Lemma 22 (ESU) Let K be regular and X a K -topological Ty-space.

(1) IfX is Ty, then Expx(X) is Ty (but not necessarily conversely).
(2) X is Tz iff Expyc(X) is T.
(3) X is Ty iff Expy(X) is T3.

Proof In this proof we use [J and ¢ with respect to X, not the universe, so if T is the
topology of X, we set Oa = Ora and $a = Ora.

(1): For a € Expx(X), the singleton {a} = Oa N[, O{x} is closed in Exp,(X).

xca
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(As a counterexample to the converse consider the case where K = « is a regular
cardinal number and X = (x + 1)®, with the x-topology generated by the singletons
{a} for a < k. This is not Ty, because {x} is not closed, but it is clearly Ty. We
show that its exponential x-topology is T7: Let a € Expy(X). Then either a C & is
small or a = X.

In the first case, {a} = Oa N ()
Nyer O{x} is also closed.)

(2): (=) Let a, b € Expx(X) be distinct, wlog x € b\ a. Then there are disjoint open
U,V C X separating x from a. Hence QU and [V separate b from a.

O{x} is closed. In the second case, {a} = {X} =

xea

(<) Firstly, we have to show that X is 7. Assume that {y} is not closed, so there exists
some other x € cl({y}), and by Ty, y is not in the closure of x, so cl({x}) C cl({y}).
The two closures can be separated by open base classes OUN(), OU; and OV N[ F QV;
of Exp,(X), whose intersection (U N'V) N[, OU; N ﬂj (QV; is emtpy. Hence there
either exists a U; disjoint from V —which is impossible because cl({x}) € VN, OU;
—, or there is a V; disjoint from U: But since V;Ncl({y}) # 0, we have y € V;. Hence
y ¢ U > x, contradicting the assumption that x is in the closure of y.

Now let x ¢ a. Then a and b = {x} U a can be separated by open base classes JU N
(); OU; and OVN ﬂj OV of Expy-(X), whose intersection J(UNV)N(); <>Ul~ﬂﬂj QV;
is emtpy. Hence there either exists a U; disjoint from V — which is impossible because
a € OV N, QU; —, or there is a V; disjoint from U: Then V; and U separate x from
a, because b meets V; and a does not, so x € V;.

(3): In both directions, the T property follows from the previous points.

(=)Leta ¢ ¢, a C X closed and ¢ C Exp,(X) closed. Wlog6 let ¢ be of the form
Ob or Ob with closed b C X. In the first case, a Q b, so let U,V separate some
x € a\ b from b. Then QU, OV separate {a},c. In the second case, anNb = (), so let
U,V separate them. Then (U, QV separate {a}, c.

(<) Now let Exp,(X) be T3 and let a,b C X be closed, nonempty and disjoint.
Then {a} and (b are disjoint and can be separated by disjoint open U, V C Exp(X).
U can be assumed to be an open base class, so U = OW N[, 0W;. We claim

®To verify that a space X is T3 it suffices to separate each point x from each subbase set b
not containing x: Firstly, the K -small unions of subbase sets b are a base, so if x is not in a
KC-small union | J; b;, it can be separated with U;, V; from every b;, and (| U;, | V; separate x
from the union. This shows that x can then be separated from each base set. Secondly, every
closed set is an intersection ﬂi b; of base sets b;, and if x is not in that intersection, there is an
i with x ¢ b; and if U;, V; separate x from b;, they also separate x from ﬂi b;.
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that cI(W) N b = (), which proves the normality of X. So assume that there exists
x € cl(W)nb. Then a U {x} € Ob, so one of the open base classes [IZ N (); 0Z;
constituting V must contain @ U {x}. That means that either one of the Z; must
be disjoint from W — which is impossible because x € Z; — or one of the W; must
be disjoint from Z — which also cannot be the case, because all W; intersect a and
aCZ. o

7 Compactness

All known models of GPK™ and TS are hyperuniverses, in which V is a D-compact
T3 space. We neither know whether GPK(Jgo) implies D-compactness or any separation
axiom, nor whether TS implies the positive comprehension principle or the union

axiom.

In the case V ¢ V, the corresponding compactness axiom would be that every set is
D-compact (note that this is also true in ZFC), but if V € V, this is equivalent to V
being D-compact. And in fact, TSU with a D-compact Hausdorff V implies most of
the additional axioms we have looked at, including the separation properties and the
union axiom:

Let a C T and x ¢ |Ja. Then for every y € a, there is a b such that y C int(b) and
x ¢ b. The sets Lint(b) then cover a and by D-compact Hausdorffness, a discrete
subfamily also does. But then the union of these b is a superset of | J a not containing
X.

Another consequence of global D-compactness is that most naturally occurring topolo-
gies coincide: Point (2) of the following theorem not only applies to hyperspaces [Ua,
but also to products, order topologies and others. If the class of atoms is closed
and unions of sets are sets, this even characterizes compactness (note that these two
assumptions are only used in (3) = (1)):

Theorem 23 (ESU + T, 4 Union) If A is T-closed, the following statements are
equivalent:

(1) Every setis D-compact, that is: If (JA=0), there is a discrete d"A with [ d=0.
(2) Every Hausdorff D-topology T € V equals the natural topology: T =0T
(3) For every set a, the exponential D-topology on Ua equals the natural topology.

Proof (1) = (2): Let A= |JT. Since A is T-closedin A, A € T and thus A € V.
By definition, 7 C [JA. For the converse, we have to verify that each b € [JA is
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T-closed, so let y € A\ b. Consider the class C of all u € T, such that there is a
v e T withuUv =A and y ¢ v. By the Hausdorff axiom, for every x € b there is a
u € C omitting x, so bN () C = (). By D-compactness, there is a discrete d C C with
bN(d = 0. By definition of C, y € inty(u) for every u, and since d is discrete, the
intersection (), , int7(u) is open. Therefore, every y ¢ b has a T-open neighborhood
disjoint from b.

(2) = (3) is trivial, because as a D-compact Hausdorff D-topological space, a is T3
and hence [a is Hausdorff by Lemma 22.

(3) = (1): Lemma 22 also implies that if [Jlla is 7>, then Ua is T3 and a is Ty, so it
follows from the Hausdorff axiom that every set is normal.

Finally, we can prove D-compactness. Let A C [a, (A = 0) and let ¢ = cl(A). Then
()¢ = (). Since every set is regular and A is closed, the positive specification principle
holds. Therefore

B — {bemc N # (Z)} —  {beOc| 3x Vyeb xcy)
is a closed subset of [lc not containing c. In particular, there is an open base class
ouU N (oVi
icl

of the space [c containing ¢ which is disjoint from B. Every U NV; is a relatively
open subset of ¢, so there is an x; € AN U NV, because A is dense in ¢. The set
{xi | iel} —and here we used the uniformization axiom — then is a discrete subcocover
of A. O
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